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Part I: Integrals of the Form [, f(t) dt

When the limits of integration are functions of x, we apply the Second Fundamental Theorem of
Calculus (Leibniz Rule):

Example 1: / tdt

2

Evaluate the integral and differentiate with respect to z.

Step 1: Compute the definite integral.
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z? 6 4
° —
tdt =
[, =5

Step 2: Differentiate using Leibniz Rule (verification).

Let g(z) = 22, h(z) = 23, f(t) = t.
d [ 3Y(2.,.2 2 5 3
tdt = (x°)(3z%) — (z°)(2x) = 32> — 2x

dr J,»

Verification: Differentiating the closed form:

— 325 — 23y

d (28— 2 _6$5—4I3
dz 2 B 2

3

Example 2: / t2 dt

2

Evaluate the integral and find its derivative.

Step 1: Compute the definite integral.

3

3 x
J S e e
» i 3 3

3

/thdt— 2 —a°
2 3

Step 2: Differentiate using Leibniz Rule (verification).

3
d

e t2dt = (23)? - (32%) — (22)? - (22) = 32® — 22°
T ) o

Verification:
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x

Example 3: / et dt

2

Evaluate the integral and differentiate.

Step 1: Compute the definite integral.

3

z 3
xr 3 2
/ etdt =[et] , =e* —e”
x
$2

373
3 2
/ etdt =e* —e®
5132

Step 2: Differentiate using Leibniz Rule.

Part II: Reduction Formula for [ sin” x dz
Derivation

Let:

I, = /sinnatdx
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Step 1: Split sin” .

Write sin” # = sin” ' z - sin z and apply integration by parts:

. n—1 )
w=sin"" "z dv = sinz dx

. n—2
du = (n—1)sin" “xzcosxdz V= —cosT

Step 2: Apply integration by parts formula [ udv = uv — [vdu.
I, =—sin" ' zcosx + /(n —1)sin" ?zcos? z du
Step 3: Replace cos? z using the Pythagorean identity cos? z = 1 — sin” z:

I, =—sin" 'zcosz+ (n—1) /sinn_2 2 (1 —sin’z)dz
I, =—sin" 'zcosz+ (n—1) /sinn_Q:L’dzc —(n— 1)/sinnatdx

I, =—sin" 'zcosz+(n—1)I, _,—(n—1)I

n

Step 4: Solve for /,,.

I,+(n—1)I,=—sin" 'zcosz+ (n—1)1, ,

n

nl, =—sin" 'zcosz+ (n—1)1

.. n—1
i sin. “xcosr n—1 C n—9
In:/smnxdas:— + /smn rdz
n n

Base Cases

Ioz/ldx:x+0
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I :/sinxdx:—cosa:—i—C’

Definite Integral Form (Wallis’ Formula)

For the definite integral over [0, 7/2]:

if n 1s even

/2 1
/ sin xdr = i .
o n n—2

RE

if n is odd

Part I1I: Reduction Formula for [ cos” z dx

Derivation

Let:

Step 1: Split cos™ x.

Write cos™ x = cos

J, = /cos”xdx

n~1 2 . cos x and apply integration by parts:

u=-cos" 1z dv = coszdx
du = —(n—1)cos" 2 xsinx dx v=sinx

Step 2: Apply integration by parts formula.

Step 3: Replace sin” z using sinz = 1 — cos

J,, = cos” 1acsmx+/(n—1)cos” 2y sin” x dx

2

J, =cos" Lasinz+ (n—1) /cos”‘2 2 (1 —cos?x)dx

J, =cos" txsinx + (n—1) /cos”_2 rdr—(n—1) /cos"a:d:r;
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J,=cos" txsine+(n—1)J, o —(n—1)J

n

Step 4: Solve for J,,.

J

n

+(n—1)J, =cos" tasinz+(n—1)J, 5

nJ,=cos" asinz+(n—1)J, ,

J,

n

n—1 :
cos rsinx n-—1
= /cos” rdr = + /cos”_2 rdx
n n

Base Cases
Joz/ld.r:$+C'
le/cosxd.r:sinx—l—C

Definite Integral Form (Wallis’ Formula)

For the definite integral over [0, 77/2], by symmetry with the sine formula:

/2 /2 n—1 n—3 il if n is even
/ cos”xdac:/ sin" xdx = . 5" x {2
0 0 noon= 1 ifnisodd

Summary Table

Formula Result

/ " ¢ dt z° —
2 2

/ . t2 dt 2 —a°
2 3
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Formula Result
LIZ3
/ et dt er’ _ g7’
11'2

/ sin”" x dx
/ cos" x dx

.. n—1
sin rcosr n—1
- + In—2
n n
cos" lxsineg n—1
+

J,
n n n—2

Note: Both the sin” and cos™ reduction formulas share the same structural form —

they reduce the power by 2 at each step, eventually terminating at [ or I;.

Page 7 of 7



	 Unit 2: Advanced Topics
	Part I: Integrals of the Form \int_{x^2}^{x^3} f(t)\, dt
	Example 1: \displaystyle\int_{x^2}^{x^3} t\, dt
	Example 2: \displaystyle\int_{x^2}^{x^3} t^2\, dt
	Example 3: \displaystyle\int_{x^2}^{x^3} e^t\, dt

	Part II: Reduction Formula for \int \sin^n x\, dx
	Derivation
	Base Cases
	Definite Integral Form (Wallis’ Formula)

	Part III: Reduction Formula for \int \cos^n x\, dx
	Derivation
	Base Cases
	Definite Integral Form (Wallis’ Formula)

	Summary Table


