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Part I: Integrals of the Form ∫𝑥3

𝑥2 𝑓(𝑡) 𝑑𝑡
When the limits of integration are functions of 𝑥, we apply the Second Fundamental Theorem of
Calculus (Leibniz Rule):

𝑑
𝑑𝑥 ∫

ℎ(𝑥)

𝑔(𝑥)
𝑓(𝑡) 𝑑𝑡 = 𝑓(ℎ(𝑥)) ⋅ ℎ′(𝑥) − 𝑓(𝑔(𝑥)) ⋅ 𝑔′(𝑥)

Example 1: ∫
𝑥3

𝑥2
𝑡 𝑑𝑡

Evaluate the integral and differentiate with respect to 𝑥.

Step 1: Compute the definite integral.
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∫
𝑥3

𝑥2
𝑡 𝑑𝑡 = [𝑡2

2 ]
𝑥3

𝑥2
= (𝑥3)2

2 − (𝑥2)2

2 = 𝑥6

2 − 𝑥4

2

∫
𝑥3

𝑥2
𝑡 𝑑𝑡 = 𝑥6 − 𝑥4

2

Step 2: Differentiate using Leibniz Rule (verification).

Let 𝑔(𝑥) = 𝑥2, ℎ(𝑥) = 𝑥3, 𝑓(𝑡) = 𝑡.

𝑑
𝑑𝑥 ∫

𝑥3

𝑥2
𝑡 𝑑𝑡 = (𝑥3)(3𝑥2) − (𝑥2)(2𝑥) = 3𝑥5 − 2𝑥3

Verification: Differentiating the closed form:

𝑑
𝑑𝑥 (𝑥6 − 𝑥4

2 ) = 6𝑥5 − 4𝑥3

2 = 3𝑥5 − 2𝑥3✓

Example 2: ∫
𝑥3

𝑥2
𝑡2 𝑑𝑡

Evaluate the integral and find its derivative.

Step 1: Compute the definite integral.

∫
𝑥3

𝑥2
𝑡2 𝑑𝑡 = [𝑡3

3 ]
𝑥3

𝑥2
= (𝑥3)3

3 − (𝑥2)3

3 = 𝑥9

3 − 𝑥6

3

∫
𝑥3

𝑥2
𝑡2 𝑑𝑡 = 𝑥9 − 𝑥6

3

Step 2: Differentiate using Leibniz Rule (verification).

𝑑
𝑑𝑥 ∫

𝑥3

𝑥2
𝑡2 𝑑𝑡 = (𝑥3)2 ⋅ (3𝑥2) − (𝑥2)2 ⋅ (2𝑥) = 3𝑥8 − 2𝑥5

Verification:
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𝑑
𝑑𝑥 (𝑥9 − 𝑥6

3 ) = 9𝑥8 − 6𝑥5

3 = 3𝑥8 − 2𝑥5✓

Example 3: ∫
𝑥3

𝑥2
𝑒𝑡 𝑑𝑡

Evaluate the integral and differentiate.

Step 1: Compute the definite integral.

∫
𝑥3

𝑥2
𝑒𝑡 𝑑𝑡 = [𝑒𝑡]𝑥

3

𝑥2 = 𝑒𝑥3 − 𝑒𝑥2

∫
𝑥3

𝑥2
𝑒𝑡 𝑑𝑡 = 𝑒𝑥3 − 𝑒𝑥2

Step 2: Differentiate using Leibniz Rule.

𝑑
𝑑𝑥 ∫

𝑥3

𝑥2
𝑒𝑡 𝑑𝑡 = 𝑒𝑥3 ⋅ (3𝑥2) − 𝑒𝑥2 ⋅ (2𝑥)

𝑑
𝑑𝑥 (𝑒𝑥3 − 𝑒𝑥2) = 3𝑥2𝑒𝑥3 − 2𝑥 𝑒𝑥2

Verification by direct differentiation:

𝑑
𝑑𝑥 (𝑒𝑥3 − 𝑒𝑥2) = 𝑒𝑥3 ⋅ 3𝑥2 − 𝑒𝑥2 ⋅ 2𝑥 = 3𝑥2𝑒𝑥3 − 2𝑥 𝑒𝑥2✓

Part II: Reduction Formula for ∫ sin𝑛 𝑥 𝑑𝑥
Derivation

Let:
𝐼𝑛 = ∫ sin𝑛 𝑥 𝑑𝑥
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Step 1: Split sin𝑛 𝑥.

Write sin𝑛 𝑥 = sin𝑛−1 𝑥 ⋅ sin𝑥 and apply integration by parts:

𝑢 = sin𝑛−1 𝑥 𝑑𝑣 = sin𝑥 𝑑𝑥

𝑑𝑢 = (𝑛 − 1) sin𝑛−2 𝑥 cos𝑥 𝑑𝑥 𝑣 = − cos𝑥

Step 2: Apply integration by parts formula ∫ 𝑢 𝑑𝑣 = 𝑢𝑣 − ∫ 𝑣 𝑑𝑢.

𝐼𝑛 = − sin𝑛−1 𝑥 cos𝑥 + ∫(𝑛 − 1) sin𝑛−2 𝑥 cos2 𝑥 𝑑𝑥

Step 3: Replace cos2 𝑥 using the Pythagorean identity cos2 𝑥 = 1 − sin2 𝑥:

𝐼𝑛 = − sin𝑛−1 𝑥 cos𝑥 + (𝑛 − 1) ∫ sin𝑛−2 𝑥 (1 − sin2 𝑥) 𝑑𝑥

𝐼𝑛 = − sin𝑛−1 𝑥 cos𝑥 + (𝑛 − 1) ∫ sin𝑛−2 𝑥 𝑑𝑥 − (𝑛 − 1) ∫ sin𝑛 𝑥 𝑑𝑥

𝐼𝑛 = − sin𝑛−1 𝑥 cos𝑥 + (𝑛 − 1) 𝐼𝑛−2 − (𝑛 − 1) 𝐼𝑛

Step 4: Solve for 𝐼𝑛.

𝐼𝑛 + (𝑛 − 1) 𝐼𝑛 = − sin𝑛−1 𝑥 cos𝑥 + (𝑛 − 1) 𝐼𝑛−2

𝑛 𝐼𝑛 = − sin𝑛−1 𝑥 cos𝑥 + (𝑛 − 1) 𝐼𝑛−2

𝐼𝑛 = ∫ sin𝑛 𝑥 𝑑𝑥 = −sin𝑛−1 𝑥 cos𝑥
𝑛 + 𝑛 − 1

𝑛 ∫ sin𝑛−2 𝑥 𝑑𝑥

Base Cases

𝐼0 = ∫ 1 𝑑𝑥 = 𝑥 + 𝐶
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𝐼1 = ∫ sin𝑥 𝑑𝑥 = − cos𝑥 + 𝐶

Definite Integral Form (Wallis’ Formula)

For the definite integral over [0, 𝜋/2]:

∫
𝜋/2

0
sin𝑛 𝑥 𝑑𝑥 = 𝑛 − 1

𝑛 ⋅ 𝑛 − 3
𝑛 − 2 ⋯ ×

⎧{
⎨{⎩

𝜋
2 if 𝑛 is even

1 if 𝑛 is odd

Part III: Reduction Formula for ∫ cos𝑛 𝑥 𝑑𝑥
Derivation

Let:
𝐽𝑛 = ∫ cos𝑛 𝑥 𝑑𝑥

Step 1: Split cos𝑛 𝑥.

Write cos𝑛 𝑥 = cos𝑛−1 𝑥 ⋅ cos𝑥 and apply integration by parts:

𝑢 = cos𝑛−1 𝑥 𝑑𝑣 = cos𝑥 𝑑𝑥

𝑑𝑢 = −(𝑛 − 1) cos𝑛−2 𝑥 sin𝑥 𝑑𝑥 𝑣 = sin𝑥

Step 2: Apply integration by parts formula.

𝐽𝑛 = cos𝑛−1 𝑥 sin𝑥 + ∫(𝑛 − 1) cos𝑛−2 𝑥 sin2 𝑥 𝑑𝑥

Step 3: Replace sin2 𝑥 using sin2 𝑥 = 1 − cos2 𝑥:

𝐽𝑛 = cos𝑛−1 𝑥 sin𝑥 + (𝑛 − 1) ∫ cos𝑛−2 𝑥 (1 − cos2 𝑥) 𝑑𝑥

𝐽𝑛 = cos𝑛−1 𝑥 sin𝑥 + (𝑛 − 1) ∫ cos𝑛−2 𝑥 𝑑𝑥 − (𝑛 − 1) ∫ cos𝑛 𝑥 𝑑𝑥
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𝐽𝑛 = cos𝑛−1 𝑥 sin𝑥 + (𝑛 − 1) 𝐽𝑛−2 − (𝑛 − 1) 𝐽𝑛

Step 4: Solve for 𝐽𝑛.

𝐽𝑛 + (𝑛 − 1) 𝐽𝑛 = cos𝑛−1 𝑥 sin𝑥 + (𝑛 − 1) 𝐽𝑛−2

𝑛 𝐽𝑛 = cos𝑛−1 𝑥 sin𝑥 + (𝑛 − 1) 𝐽𝑛−2

𝐽𝑛 = ∫ cos𝑛 𝑥 𝑑𝑥 = cos𝑛−1 𝑥 sin𝑥
𝑛 + 𝑛 − 1

𝑛 ∫ cos𝑛−2 𝑥 𝑑𝑥

Base Cases

𝐽0 = ∫ 1 𝑑𝑥 = 𝑥 + 𝐶

𝐽1 = ∫ cos𝑥 𝑑𝑥 = sin𝑥 + 𝐶

Definite Integral Form (Wallis’ Formula)

For the definite integral over [0, 𝜋/2], by symmetry with the sine formula:

∫
𝜋/2

0
cos𝑛 𝑥 𝑑𝑥 = ∫

𝜋/2

0
sin𝑛 𝑥 𝑑𝑥 = 𝑛 − 1

𝑛 ⋅ 𝑛 − 3
𝑛 − 2 ⋯ ×

⎧{
⎨{⎩

𝜋
2 if 𝑛 is even

1 if 𝑛 is odd

Summary Table

Formula Result

∫
𝑥3

𝑥2
𝑡 𝑑𝑡 𝑥6 − 𝑥4

2

∫
𝑥3

𝑥2
𝑡2 𝑑𝑡 𝑥9 − 𝑥6

3
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Formula Result

∫
𝑥3

𝑥2
𝑒𝑡 𝑑𝑡 𝑒𝑥3 − 𝑒𝑥2

∫ sin𝑛 𝑥 𝑑𝑥 −sin𝑛−1 𝑥 cos𝑥
𝑛 + 𝑛 − 1

𝑛 𝐼𝑛−2

∫ cos𝑛 𝑥 𝑑𝑥 cos𝑛−1 𝑥 sin𝑥
𝑛 + 𝑛 − 1

𝑛 𝐽𝑛−2

Note: Both the sin𝑛 and cos𝑛 reduction formulas share the same structural form —
they reduce the power by 2 at each step, eventually terminating at 𝐼0 or 𝐼1.
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