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Limits

e Ifx - a, f(x)— L, thenL is called limit of the function f(x).
e limf(x)=1L

X=dl

e Left Hand Limitof f atx = ais lim f(x)
X—=a

Limit » Right Hand Limitof f atx = ais lim_f(x)
X—=l
e [fthe Right and Left Hand Limits coincide
The limit of f(x) at x = a and lim f(x)
A=
o lim[f(x)+g(x)]=Ilimf(x)+ lim g(x) +
x.—ra x.—ra x.—ra e lim SInx _
P lim[f(x) x g()] = lim f£(x) x lim g(x) | Limits of x—0 X
-8e0ra o fx) limf(0) ' Trigonometric e lim anx _
Limits ¢ lim = i Functions =0, 7
x—a g(x) x%g(x) e Iim 1 —cosx —0
whenever lim g(x) # 0 x=0
X—=a




Question: Find the limits
1. lim —2—}(_1 2. lim SIn 4X
' x—1 X4 —X " x=0 2X




Question: Find the limits

. x—1 . Sin4x
i 2. M =2
Solution: 1. lin} :2—_1)( 2 ;!cln{l} 512 :x
: x—1 ~ sin4x
= lim —— —lim X 2
x—1 x(x — 1) x—=0 4x
1 —1x2
= lim — _ 5

x—=1 X

=1






Let fbe a real function on a subset of the real
numbers and let cbe a point in the domain of f.
Then fis continuous at cif

!glré f(x) = f(c)

lim f(x) = XlLr{r:l_ f(x) = f(c)

X=C

If fis not continuous at ¢ = fis discontinuous at c
and c is called a point of discontinuity of f.




Continuity

Example: y = f(x)
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Example: y = f(x)
Atx = —3,f(—3) = Not Defined
lln%_ fx)=1= llm LX)
Atx = —1,f(-1) =3
lim f(x) =4, 11m ) =1

X—=-1"

lim f(x) = Nut Deﬁned

X—=-1

Atx=1,f(1) =3
lim f(x) = 3 and llm f(x) =

X—=1"

f(1) = }}Lril_ f(x) # ler{]+ {69]

—> Not Continuous

4

— Not Continuous

Atx = 3,f(3) = 2

Not

) X—3"
ConUnuous

=l |

lim f(x) =2 = llm {69

—> (Continuous

XILI?_ f(x) =1(3) = leI‘%L f(x)



Question: Check the continuity of the following functions
1. ) =2x+3atx=1. 2. f{x) =|x]latx = 0.



Question: Check the continuity of the following functions

1. ) =2x+3atx=1. 2. f{x) =|x]latx = 0.
Solution: 1. Given that f(x) = 2x + 3 2. Given f(x) = |x|
Atx =1 Now, f(0) = |0] =0
f(1) =2(1)+3 =5 Left hand limitof fatx = 0
lim f(x) = lim(2x + 3) lim f(x) = lim f(0 — h)
= 2(1) +3 = lim{0—h| =0
-5 Right hand limitof fatx = 0

le%‘+ f(x) = }l]l_r)lgl) f(0 + h)
= Lir% |0+ h|=0
Thus, x1_1’r(r)1+ f(x) = xll)r(r)l+ f(x) = f(0)

Hence, f is continuous at x = 0.

Thus, lil'l'll fx)=5=1(1)
X—

Hence, fis continuous at x = 1.




Continuity - Plots

Question: Check the continuity of the following functions
1. ) =2x+3atx=1. 2. f{x) =|x]latx = 0.
Solution: 1. Given that f(x) = 2x+ 3 2. Givenf(x) = |x| = [ % 1-fx =0
—x, ifx<0




Question: Show that the functions f given by
_(x343,ifx#0
= {3 ¥ o
is not continuous at x = 0.



Question: Show that the functions f given by

x3 +3,ifx# 0 )
= ——
f(x) { 1 ifx =0 Given

is not continuous at x = 0.
Solution: The function is definedatx =0

Whenx # 0
f(0) = 1 lim f(x) = lim(x” + 3)
=03+3=3

f(0) # lim f(x)

X—=0

Hence, fis not continuous at x = 0.
and x = 0 is the point of discontinuity for this function.



x+a, ifx<3
Question: Find the values of a and b so the function f(x) = { 3, if x = 3 is continuous
6X+ b,ifx > 3
atx = 3.



12M05.1 - Continuity

x+a, ifx<3
Question: Find the values of a and b so the function f(x) = { 3, if x = 3 is continuous
6X+ b,ifx > 3

atx = 3.
Solution: LHL = f(3) = RHL
Kl_l}fg‘l_ f(x) = 1111—I>I[11 f(3 —h) 3 xlir'?Jr f(x) = :!11—1}% f(3 + h)
:}lll_r}ré(3—h)+a =11711_1356(3+h)+b
=3 +a =6(3)+b
=18+ b




kcosx ify -
T—2X is continuous

Question: Find the values of k so the function f(x) =
3, ifx =

NA N

atx:%.



kcosx ify - T
T—2X 1% is continuous
2

Question: Find the values of k so the function f(x) =
3, ifx=

T
Putx = 5 + h, then

— |
X=>5=>h-0

(Tt " .
I k cos (ﬁﬁ'h) I — ksinh
< 1117 — = |]1]) —
" i [ ﬂ L 1 —
h—0 T — 2 (? + h) h—0 2h
L

k sin h

= — X lim
2 h=0 h

sinh

( » lim
h—-0 h




Suppose f and g be two real functions continuous at a real number x = c, then

Functionsf+ g, f-g,f * g £ lare continuous at x = c.

g

If f and g are two functions, then (fog)(x) = f(g(x)).

1. If (fog) is defined atx = c.

1. Ifgiscontinuousatx=c. et { (fog) is continuous atx = ¢ }
1. Iffis continuous atx = g(c)



Question: Is the function defined by f(x) = x* — sinx continuous atx = 7 ?



12M05.1 - Continuity

Question: Is the function defined by f(x) = x* — sinx continuous atx = 7 ?
Solution:

[ Two Methods ]

A

Normal Algebra of
Method continuous

Functions

A\ 4

[}1{1_5351T f(x) = f(‘rt)] [ f(x) = p(x) £ q(x) ]




12M05.1 - Continuity

Question: Is the function defined by f(x) = x* — sinx continuous atx = 7 ?

Solution: Given that f(x) = x? — sinx

Let f(x) = p(x) — q(x) where p(x) = x? and q(x) = sinx

Continuity of p(x) = x?atx =1

p(m) = m*
limp(x) = llm p(mt+ h)
X—T
2
= EIIL'I;I]('IT + h)
= (1t + 0)?

p(m) = lim p(x)

p(x) = x? is continuous at x = .

From Eq. (i) and (ii)

(i)

Continuity of q(x) = sinx atx =
q(m) =sinmt=0
lim q(x) = llm q(m+ h)

X—=T
= 1111_1:% sin(m + h)
=sinT
=0
q(m) = lim q(x)
X—=T

q(x) = sinxis continuous at x = 1 ...(ii)

f(x) = p(x) — q(x) = x* — sinx is continuous at x = .



Question: Show that the function is defined by |1 -x + |x]|, where x is any real
number, is continuous function.



Question: Show that the function is defined by |1 -x + |x||, where x is any real
number, is continuous function.
Solution: Letg(x) =1-x+ ||

and h(x) = |x| \ } f(x) = h(g(x)) = hog(x)
g(x):ﬁ—x+x, ifxzﬂ_[ 1, ifx >0

—x—x% ifx<0 (1-2x% ifx<0
g(x) =1-x+ |x] 4::"
3--
gx)=1-2x
x)=1
h g(x)
3 -2 10 1 2 3 X
+-1
-2




Summary

1. Continuity of Function at pointx =c¢

lim f(x) = f(c)

X=C

lim f(x) = XILT_ f(x) = f(c)

x—ct

1. Geometrical Meaning of Continuity.

No Break or Jump ———
In Graph <
Any Break or Jump——

Function

Continuous Function

Discontinuous



Differentiability and Derivatives of Composite Functions

Example: y = f(x)




Differentiability and Derivatives of Composite Functions

Example: y = f(x)
f(a—h)—f(a) _ fa—h)—f(a)

Slope of CA = —h—a 5
ash-0=>C-A
Tangent at Point A = 1111mn f(a—li)h—f(a)
> X
_ f(ath)—f(a) f(a+h)—f(a)
Slope of AB = ath—a i Ly
h-0=»>B-A = =—=====-=

ah = ~ '1. f(a—h)—f(a):_) Left Hand Derivative

: . f(a+h)—f(a) | —h I (LHD)
Tangent at Point A = Lma h Y J

________ 1

lim fla—h)—f(a) — lim f(a+h)—f(a) :lim f(a+h)—f(a) || Right Hand Derivative
h—0 —h h—0 h jh—0 h : (RHD)




Differentiability and Derivatives of Composite Functions

The derivative of a real function

f is areal function and c is a point
in its domain, then the derivative
of f at x = c is defined by

fle+h) = (o)
lim
h—0 h
provided this limit exists.

Derivative of f at c is denoted by f'(c) or _0%(_ (f(0)lc

s e )= f(e)
o) = fin—=—
wherever the limit exists is
defined to be the derivative of f.

The process of finding derivative of a function is called Differentiation.

Differentiate f (x) with respect to x to mean find f'(x).




Differentiability and Derivatives of Composite Functions

Algebra of Derivatives

1. (utv) =u +v
2. (w) =uv+uv' (Product Rule)
wy  (W'v—w) .
3. (E) = , , Wherever v # 0 (Quotient Rule)
Derivatives of Some Standard Functions
f(x) x™ sinx COS X tan x cotx secx COSecC X
f'(x) | nx*1 COS X —sinx | sec?x |—cosec? x|secxtanx|— cotxcosecx




Question: Find the derivative of

1. 5x7% 4 3x3 2. sinxcosx



Question: Find the derivative of

1.
Solution: 1.

5x % + 3x°
Lety = 5x2 + 3x3

dy d,_ . d_
&—E(SX )“I—&(SX)

— Si -2 -+ 31 3
=55 ™) +3-(x7)
= 5(—2x7%) + 3(3x?)

= —10x3 + 9x*

2.
2.

sinXcosXx

Lety = sinxcosx

% = ;—x (sin X cosx)

By product rule

dy = d .
v sin xa (cosx) + cos xa(sm X)

= sinx (—sinx) + cosx (cosx)
= —sin“ X + cos* X

= — CO0S 2X



Differentiability and Derivatives of Composite Functions

i fa-h) —f@)| _ |, fath) - f@)

h—0 —h ~ |ho0 h
A function f(x) is differentiable in [a, b]
v
f(x) is differentiable ® f(x) is differentiable V x € (a, b).
VX E (a b). ® f{(x) is differentiable at the end points a
and b, i.e.,
lim f(a+h) — f(a) and lim f(b—h) — f(b)
h—0 h h—=0 _h

oavict Anitalyr



Differentiability and Derivatives of Composite Functions

Theorem: If a function fis differentiable at a point c, then it is also continuous at that point.



Differentiability and Derivatives of Composite Functions

Theorem: If a function fis differentiable at a point c, then it is also continuous at that point.

Proof: Since fis differentiable at c, we have
f X f C ,

But for x # ¢, we have

(x) — f(c) = BT (x )

> lim{f00) — (0)] = lim [T (x_ ¢)]

= tmfe)  imi() = tm (=9 im0
= Liflcf(x) —f(c) =f"(c) x0

= limf(x) — f(c) =0

= Lirréf(x) = f(c)

Hence fis continuous at x = c.



Differentiability and Derivatives of Composite Functions

Every differentiable function is continuous but every continuous function is not differentiable.
Example:



12M05.2 - Differentiability and Derivatives of Composite Functions

Every differentiable function is continuous but every continuous function is not differentiable.
Example:
f(x) = |x| is a continuous function.

LHDatx =0 RHD atx =0 Y‘t f(X) =|X|

o f0-)—f©0) _ . 10-h|-0 | fO0+h)—f(0) _ . |0-+h—-0
h—=0 —h h—=0 —h h—=0 h h—=0 h

= ]]ml_—El - |1m% < >

h—=0 _h h=0 h

- -1 - by

= — 1 = 1
LHD # RHD

hence f is not differentiable at 0. Thus, f is not a differentiable function.



Points to Remember

If a function is
Differentiable @ —  Definitely Continuous
Continuous —  Not Necessarily Differentiable

Discontinuous —  Definitely Not Differentiable



dC dB dC
= X =
dA dA dB

=&

dA

dC dC dB

dB/J5{\SdC

dB

dD dD dC dB

dA _dB (dA

g Chain Rule y

dA —dac *dB X da




Differentiability and Derivatives of Composite Functions

Example: T (cos 2x)



Differentiability and Derivatives of Composite Functions

d .
Example:|— (cos 2x) dC_dC_dB

|dA dB dA '

d
A — — —_
- X ™ (cos 2x) 20 (cos 2x) X = (2x)
B — 2x

C — cos 2x d

= — t) X 2
dt(cos)

X — COS 2X = —sintx 2

= —2sin 2x
X — 2X — COS 2X



Differentiability and Derivatives of Composite Functions

Question: % (cos(sinx))



Differentiability and Derivatives of Composite Functions

Question: % (cos(sinx))
Solution: x — sinx — cos(sinx)

A-x B — sinx C — cos(sinx)

(cos(sin x))]- i (sinx)

i (cos(sinx)) =[
I dx

dx d sin x

d
du

= —sSinu-cosx

= —sin(cosx) * cosx

>
>

Letsinx =u

Substituting
the value of u




Differentiability and Derivatives of Composite Functions

Question: dix EHENE)))



Differentiability and Derivatives of Composite Functions

Question: Hdi (sec(tan(@} _______________

'dD dD dC dB
Solution: x — vx - tan(vx) - sec(tan(Vx)) ‘A~ dc *dB dA:

A—X B - Vx C—?*tﬂl'l\f— D—}sec(tan\/;) """"""""
% (sec(tan(vx))) = Ny (sec(tan(vx))) X ——= N (tan Vx) x % (VX)

dta(

- -
Lettan(vX) = uandvVx = v

d d d ..
- — — —_ /2
i (secu) x e (tanv) X ™ (x )

1
= secutanu X sec? v X —

2vx
= sec(tan(vx)) tan(tan(vx)) x sec?(vx) x|—=




Differentiability and Derivatives of Composite Functions

Question: % (21# cot(xz))




Differentiability and Derivatives of Composite Functions

Question: %(2 Cﬂt(Xz)) _______________

d - d . 'dD dD dC dBl
Solution: ﬁ(ZﬁCGt(xZ))=2xﬁ(x£00t(xd)) 'dA ac XaB > dA'

x - x% - cot(x?) - Jeotx2) o TTTTTTTTTTTTOT
A—X B — x* C - cot(x?) D - ,/cot(x?)

d d .
(Jcot(xz ) — (xz) (a.fmt(xz)) = (cot(x))  — (*)
(\/_) —(cotv) A

1 1
cosec?v)-2x = ————"cosec?(x?) x
=3 PN ( )"

\/ cot(x?)
d B X cosec’(x%) _2x- cosec?(x?)
dx(z cot(x* )) - \J cot(x?) N \ cot(x?)

Let cot(x?) =uandx® = v




Summary

Differentiability of Standard Functions
All of the standard functions are differentiable except at certain points, as follows:

1. Polynomial functions are differentiable in its domain(R).

p(x).

1. Arational function ﬂ}s differentiable except where q(x) = 0, where the
q(x
function grows to infinity.

E.g.l and lz both functions are not differentiable at x = 0.
X X
1. Sines, cosines and exponents are differentiable everywhere
Tangents and secants are not differentiable at values where they are not defined,

l.e.,

1
X = (2II+I)E,HEZ

Cotangents and cosecants are not differentiable at values where they are not
defined, i.e., X=nmnei




Summary

1.

Differentiability of Function f(x) at pointx = a

lim f(a=—h)—f(a) — lim f(a+h)—f(a)

h—0 _h h—=0 h

= Left Hand Derivative(LHD) = Right Hand Derivative(RHD)
Geometrical Meaning:

If the curve of function f(x) has no break point/no sharp edge,
then the function is differentiable.

Derivative of Composite Functions
Break the given function into form of A, B, C, D, ...

dC dC _dB dD dD dC dB

dA _dB 'dA *"'daa _dac“aB " aa '~



Derivatives of Inverse Trigonometric Functions

f(x) f'(x) Domain of f’
in-1 - -1,1)
sin~! x -1,
V1 —x?
= - -1,1)
cos 1x - -1,
V1 —x?
1
tan~ ! x R
1+ x2
1
cot™1x — R
1+ x2
1
sec1x ——— |[(—00,—1) U (1, )
xVxZ —1
1
cosec™1x ———= | (—00,—1) U (1, )
xVxZ —1




Summary

Important Substitutions for Inverse Trigonometric Function
Form Substitution Form Substitution
X =sinB .
J1 — x2 4x3 — 3x X = cos O
2xvy1-x orx = cos B
2X
1 — 2x% X = sin O X = tan 0
1+ x?
o2
2x% —1 X = cos 0 1 —X X = tan 0
1+ x2
3 , 2X
3X — 4x X =sin6 X = tan®
1 —x?




Summary

If the given expression is implicit function
1. Directly differentiate with respect to x
2. Separate like and unlike terms

3. Solve for dy/dx

Derivatives of Inverse Trigonometric Function

f(x) f(x) f(x) f'(x)
Y 1 1 1
sin~!x e cos tx iy
V1 —x? V1 —x?
1 1 ~1 1
tan~ ! x cot™tx —
1+ x2 1+ x?2
-1 1 -1 1
sec” ' x cosec™ ' x
xV1 — x?2 xV1—x?




Second Order Derivative and Mean Value Theorem

Diff. w.r.t x

% ory, ory' or f'(x) g4 1st Order Derivative
X

Again Diff. w.r.t x

2
4y ory,ory" orf'(x) 4 2nd Order Derivative

dx?




Second Order Derivative and Mean Value Theorem

2
Example: Findj—-};ify = e* sin 5x.
X



Second Order Derivative and Mean Value Theorem

2
Example: Fmd lfy = e*sin 5:{'

Solution: % (y) = i (e sin Sx) = e*sin 5x + 5e* cos 5x

dy = e*(sin 5x + 5 cos 5x)

s
dd (dy) x (€*(sin 5x + 5 cos 5x))
d’ d d

= d—g = (sin 5x + 5 cos 5x) 7 (€*) + e* 5= (sin 5x + 5 cos 5x)

d y e*(sin 5x + 5 cos 5x) + e*(5 cos 5x — 25 sin 5x)

3
= d; 2e*(5 cos 5x — 12 sin 5x)



Second Order Derivative and Mean Value Theorem

dE

Question: Ify = cos™!x, find in term of y alone.

dx?



Second Order Derivative and Mean Value Theorem

: d d _
Solution: d—i:ﬁ(cos %)
dy 1
=}d—= — >
< e
dy d 1 d
=l _ — ——((1 — x2)-1/2
dx? dx( T xz) ax (2 —x07)
d?y 1 .
5—2=—(-=-(1-% —332-—2;{)
dx? ( 2 ( )
d’y X
= dx2 T (1 —x2)32 vy =coS X=X =cosy
d?y cosy cosy cosy 5
Nl A = — cotycosec®y

dx? (1—cos?y)32 "~ (siny)3?  sindy



Second Order Derivative and Mean Value Theorem

Solution:



Second Order Derivative and Mean Value Theorem

Solution:

COSY = X
d
Tx (cosy) = == (%)
dy dy 1

= —siny- == 1 = 9x ~siny
= d_}’ = —cosecy
— i — —i(CDSEE y) — (— EUtyCUSEC y_y)

dzy . 2
= —= = cotycosecy - (— cosecy) = —coty cosec?y

dx?

Diff. w.r.t x

Chain Rule

Diff. w.r.t x

Chain Rule

Simplification



dz

jon: If e¥(x + 1) = 1, show th y—(dy)z
Question: IfeY(x+ 1) = 1,showt atclxz_ ax/



Solution:

d?.y (dy)z
dx2 \dx/

oy = L
x+1
B 1
=y =log (x+1)
=log1l —log(x + 1)
=>y=—log(x+1)
L dy_ 1
dx  x+1
d° 1
L4y (_ .
dx? (x+1f)
N dzy _ 1
dx*  (x+1)°



Second Order Derivative and Mean Value Theorem

) Mean Value Theorem )

Rolle’s Theorem Lagrange’s MVT
f:[a,b]>R




Second Order Derivative and Mean Value Theorem

) Mean Value Theorem )

Rolle’s Theorem Lagrange’s MVT
f:[a,b]>R

fis continuous on [a, b]

f is differentiable on (a, b)



Second Order Derivative and Mean Value Theorem

) Mean Value Theorem )

Rolle’s Theorem Lagrange’s MVT
f:[a,b]>R

If f(a) = f(b), then fis continuous on [a, b]

c€(ab)
f(c)=0 f is differentiable on (a, b)




Second Order Derivative and Mean Value Theorem

) Mean Value Theorem )
Rolle’s Theorem Lagrange’s MVT
f:[a,b]>R

If f(a) = f(b), then fis continuous on [a, b] CE (a,b)

f(c) =

c€(ab)

f(b) - f(a)
f(c)=0 f is differentiable on (a, b)

b-a




Second Order Derivative and Mean Value Theorem

) Mean Value Theorem )
Rolle’s Theorem Lagrange’s MVT
f:[a,b]>R

1) = ) e
c€(ab) f(b) - f(a)
f(c)=0 f is differentiable on (a, b) )=

Y’A YA

Q//




Second Order Derivative and Mean Value Theorem

Example: Verify Rolle’s theorem for the function f(x) = x? + 2x - 8, x € [-4, 2].



Second Order Derivative and Mean Value Theorem

Solution: f(-4) = (-4)% + 2(-4)
f(2)=(2)>+2(2)-8
“f(-4) =1(2)=0

-8=0
=0

~ From Rolle’s Theorem

c € (-4, 2) such that
v f(x) =x*+2x-8
S (xX)=2x+2
~f'(c)=2c+2=0
=>c=-1€ (-4 2)

f(c)=0

Polynomial Function

Continuous on [-4, 2]

Differentiable on (-4, 2)



Second Order Derivative and Mean Value Theorem

Question: Iff:[-5, 5] = Ris a differentiable function and f' (x) does not vanish

anywhere, then prove that f(5) # f(-5).



Second Order Derivative and Mean Value Theorem

Question: Iff: [-5, 5] = Ris aldifferentiable functionland {'(x) does not vanish

L e e e e e e e e = |
anywhere, then prove that f(5) # f(-5). \m

Solution: By Mean Value Theorem

c € (-5, 5) such that
f(5) - f(=5)
M=)

Continuous on [-5, 5]

Differentiable on (-5, 5)
= 10f'(¢) =f(5) - f(-5)

=~ 10f(c) #0
= f(5) -f(-5) #0
= f(5) # f(-5)



Second Order Derivative and Mean Value Theorem

Question: Verify Mean Value Theorem, if f(x) = x3- 5x% - 3x in the interval [a, b], where
a=1andb =3.Find all c € (1, 3) for which f'(c) = 0.



Second Order Derivative and Mean Value Theorem

Question: Verify Mean Value Theorem, ifif(x) = x3 - 5x% - 3x inthre-interval [a, b], where
a=1andb =3.Find all c € (1, 3) for which f'(c) = 0.
Solution: (1) =(1)3-5(1)>-3(1)=-7
f(3) =(3)3-5(3)?-3(3) =27
f(b)-f(a) f(5)-f(-5) 27-(-7)

Polynomial Function

Continuous on [1, 3]
Differentiable on (1, 3)

b-a 3-1 2 10
From Mean Value Theorem c € (1, 3) such that
f(c)=-10

= 3c¢2-10c-3=-10
=3¢c2-10c+7=0

et

=>{c=1,7/3 c=7/3 € (1, 3) is the only point for which f'(c) = 0.




Summary

. : 2
y — f(X) lef w.rtx 5 dy or y1 or yv or f'(X) lef w.r.tx 5 j }27 Or yz or yn or f" (X)
X
1st Order Derivative 2nd Order Derivative
[ Mean Value Theorem l
Rolle’s Theorem Lagrange’s MVT
I f:[a,b] >R 1
If f(a) = f(b), then > fis continuous on [a, b] < c€ (a,b)
CE (3 b) f(b) - fi
; ( £(0) = (b) - f(a)

f(c)=0 f is differentiable on (a, b) b-a




Chain Rule

dB dC
dA dB
A » B " C
dC
dA

E_Exd_B
dA  dB dA




jien)

f(x1) = f(x2)

f et

Increasing

[ Ifx; <x3 = flx) < flxy) J

Strictly Increasing

[ Ifx1 < Xy = g(xl) < g(xz)J




EXx.

Sol.

Show that the function given by f(x) = 3x + 17 is strictly increasing on R.

Let x;,x, ER Y

and X1 < X9

Multiply by 3 x1 < Xy

flx) < fxp)

— 3X1 < 3x2 ¢

= 3%, + 17 < 3x, + 17 (Adding 17)

= f(x1) < f(xz) o) =ty 10
~ f(x) is strictly increasingon R~ f---- f ()
®5 |
- ci o—o—o >
24 6 8 X
¢-5




Ya

Y A
f(xl) - g(xl)
f(x1) = f(xz) :
O e e 9(xz)
. X >
X1 X2 X X
Decreasing

Strictly Decreasing

[ Ifx; <x,=> f(x) > f(xy) J [ Ifx; <x; = glxy) > g(xz)J




EXx.

Sol.

Show that the function given by f(x) = 7 — x is strictly decreasing on R.

Let x4,x, ER Y

and x; < x,

oy >ty e Multiply by —1 | %, < %,

= —x;+7>-x,+7 (Adding 7) Lis f(x1) > f(x2)

= f(xq) > f(xz) fOP<3x +17

« f(x) is strictly decreasing on R

|><
SN |
®

’

I
© e
I
(@)
I
(\S)




Neither Increasing nor Decreasing Functions

Y A
‘D'Q\QQ X1 < X2
VAN
S © 5 f(x1) < f(x2)

fO)l----2f--- ® S f(x1) > f(x2)
flx2)f----- . ANY & Neither Increasing nor

| '\ > g’ Decreasing Function

| : s

R
P

R
N

X
[

R
N
x\/



Increasing
Functions

J-<

~ y=f)

X

Strictly

Increasing
Functions

_/

Y
-y =f()

X

Decreasing
Functions

A

\qf(x)

"X

Strictly
Decreasing
Functions

Y

A

\\\iif@)

"X

Fo) <) | |fG) <fe) | (£ = fa)] (£ > F)]

Neither
Increasing nor
Decreasing
Functions

y=fk)

><V



[Xl < X2 ]
s 2

f(x1) < f(xz) > Increasing f(x1) = f(xz2)

3 Constant

rf (x1) > f(x,) = Decreasing

W,

Mean Value _
Theorem f'(c) = () — f(x1)

1
1
1
1
1
1
1
1
1
1
*x

X2 —Xq <—e P L —eo—e >
—?—614—2 2€ 47% g X
In an Interva ‘_c
At a Point -
s ~ mcreasing = f'(x) 2h
Increasing = f'(c) >0 Strictly Increasing = f'(x) > 0 : 10
Decreasing = f'(c) < 0 Decreasing = ff(x) <0
Strictly Decreasing= f'(x) <0
Constant = f'(c) =0 Y 9= f'(x)

\Constant = f'(x) = &




Example: Prove that the function given by f(x) = x3 - 3x? + 3x - 100 is increasing
in R.

Solution: [f(x) Increasing = f'(x)=0 J

f'(x) =3x?>—6x+3
=3(x?—-2x+1)
= 3(x — 1)?



Question: Show that y = log(1 + x) — % ,x > —1, is an increasing function on x
throughout its domain.

Solution: [Increasing = % >0 ]

dy 1 (2+x)%x2 —2x
— — —
dx  1+x (24x)2
d 1 4
— Y — —
dx 1+x (2+x)2 _
Taking LCM
dy _ (2+x)%— 4(1+x)
dx  (14x)(2+x)2
d x?
= y

dx  (142)(2+x)2



Question: Prove that the function f given by f(x) = logsin x is increasing on (Og)

. T
and decreasing on (E'n) :

COS X

Solution: f'(x) =

: = cotx
SIn X



Question: Find the intervals in which function f is given by
f(x) =2x3—3x?>—-36x+7is—

A. Increasing B. Decreasing

Solution: f'(x) = 6x? —6x — 36



Question: for what value of a function f is given by f(x) = x? + ax + 1 is increasing
on [1,2].

Solution: f'(x) =2x+a

f'(x)>0
=>2x+a=0
=>a=—2x
Whenx =1 ; a> -2 0 >0
" x € [1,2]«[ —}
Whenx =2 ; a=—-4 < : | >a
-4 -2




Equation of a Straight Line

Tangent

Special Cases for Two Lines

s e

A 4

A 4

Perpendicular Parallel
Slope = m _
Normal ' Slope = m;
90°
P Slope = m, Slope = m,
m1><m2=—1 mp =m,




y = f(x) Slope of PQ = =

(xo + Ax) —xy Ax
Yo+ Ay l= = == = — - = — Q(xo + Ax,yo + Ay)

YT (yo +Ay) —yq A_y

Q->P =>Ax-0

A
lim 4 = Q
I Ax—0 Ax dx
op=—=———- I
I I d
! : Slope m = (_y)
| l dx
[ I (X0,¥0)
( ] 1
0 o XotAroox Y —Yo=m (X —Xq)
Y Vv




Ex. Find the equation of the tangent to the curve y = 2x% — 1| at|x

Sol. (%Y (x — %) v
Y= Yo = \ax 0 Yo =212 -1=1
(X0,Y0)
dy
y—1=4(x-1) R

y—4x+3=0 (dy) B
— =4
(1,1)




Q. Find the point on the curve|y = x> — 11x + 5 |at which the tangent is[y =X — 11]?
/ Y d
y
» —=3x%-11
I = = 3x
1 d
i =3x% —11
+ dx
(%0,%0)
P(xOJyO) dy
(—) = Slope of tangent
< o o o — ax/ (x0,50)
)¢
=3x5—-11=1
! =>3x2=12 =>xt =4
xg = 2 yo = (2)3—-11(2) +5 = -9 S,
x = —2 yo = (=2)3—-11(-2) +5 =19 (2,-9) (—2,19)




Q. Find the point on the curve|y = x3 — 11x + 5|at which the tangent is|y = x — 11

~

Sol. Q:m l
dx dy _ 1
= 3x2 - 11 = pviak ok m

[ D —

X =2 X =—2

v v

y=(2)3-11(2) +5=-9 y=(=2)3-11(-2) +5= 19

o Em

Only point (2, —9) satisfy the given tangent equation.




at point P(xg, yo)

Tangent L Normal

=<V

(&)
mr =\
) )

— mr X my = -1

1

= Mmy = —m—T
4 1 )
\ dx (xo»YO))




Ex. Find the slope of the normal to the curve[y =x3—-3x+ 2]at‘x = 3\

Sol. dy
1 @& _ L.
Slope (my) = _(d_y) dx 3x° —3
dx (x0,¥0) dy
(—) =3(3)*-3=124
1 dx x=3



at point P(xg, yo)

Tangent L Normal > mr Xmy =—1
. 1
my = my
1
dx
X (%0,¥0)
4 )
B 1
Y—Yo = (d_y) (x xO)
\_ dx (X0,Y0) )




=<V

Point

P(x0,Y0)

Equation of Tangent

-

Y —Yo =

\

(X — xo)

J

Equation of Normal

-

-

Y —Yo =

\

(x — xo)

J




Q. Find the equation of the normal to the curve y = x3 + 2x + 6 which are parallel
to the Iine[x + 14y +4 = 0]
e 4}




Sol.

Find the equation of the normal to the curvel|y = x3 + 2x + 6]which are parallel
totheline|lx + 14y +4 =0

Equation of normal d
) 1 _’(d—D =3x¢+2=my
y_yO:mN(x_xO) m:_ﬁ (x0,¥0)
|

. . > My = —
Equation of qormal at point (2,18) N 3x2 + 2
y—18=——(x—2) 1 1

14 o=
14 3x2 + 2

= |x + 14y = 254

>3x2+2=14 =x* =4
Equation of normal at point (-2, —6)

y — (- 6)———(x—( 2))

=>x =12

EmEmsy e —-
(-2,— 6)<— =(—2)3+2(—2)+6:—




Q. Forthe curve|ly = 4x3 — 2x5 Hind all the points at which the tangent passes
thought the origin.
'Y dy
Sol. 1 -

dx) = 12x5 — 10x§
-(XOr yO) (%0,¥0)

Yo _ 12x4 — 10x;
X0

Vo = 12x5 — 10x3

Vo = 4x8’ — Zx(';’

12x3 — 10x3 = 4x3 — 2x3

xo=-1 || yo=4(-1)°-2(-1° = -2 | [S&%=2,

= 8x5 — 8x3 =0

xg =1 Vo = 4(1)3 = 2(1)% =2 (1,2) = 8x3(x2—1) =0

x():O y():O (0,0) :x0=0,i1




x2 2

Q. Find the equations of the tangent and normal to the hyperbola prie % = 1 at the point (x,, y,).



Sol.

Find the equations of the tangent and normal to the hyperbola

Equation of tangent at point (xg, ¥,)

y — Yo = mr(x — xp)

= b%xxy — a’yy, = b%x¢ — a%y}

2 2
XXo YYo X0 Yo

a? b2~ a? b2
XXo  YYo

Sl " !

Equation of normal at point (x,, vo)

Y —Yo = mN(x —xo)

2
a=yo

2
be

Sy —y,=— (x—x9) =

Y —Yo _
azyo

2

2

e A

at the point|(x,, vo)

Dividing by a?b?

a?  pZ
X5 Vs _ |
az p2 1 Diff. w.r.t. x
2x 2y dy 0
a2 b2 dx
. dy b*x
dx a2y
1
m my=——
T N my
b?x a’y,
a‘yo b?x
_ X~ %o LY TV X=X _
bsz azyo bzxo
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