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Differential Equations

Derivative Equation
y = 2x° 2x +4 =8
Differentiating w.r.t. x 2x+4y =25 | X

d 2 —
\/ Derivative st r2=1

Differential equation| =s) Equation + Derivative

dx?

2
(i)=0\/ (ii)ﬂ+2=0\/ (i) 5x+4=8 X

Differential Equation (D.E)




Differential Equations

Differential equation| == Equation + Derivative

d 2 2
(i);l—y=0 (ii)sin+cosx—0 (iii) 5x +4 =8 (W)lel+dlzt}=0
X X
v v x
Differential Equation (D.E)
Types of D.E
A
[ |
'Ordinary Differential Equation| Partial Differential Equation
Derivative w.r.t only one Derivative w.r.t more than one
independent variable independent variables
d’u du A2y d2v

_+_=2 —
! X @2 7"




Notation of Derivative

d p i
Y oy Y For Higher Order
dx o ;
y y
d’y _ By proiand P
dx? dx3 d8y
dloy — 7rrrrrrry ﬁ B y8
dx10 7
4 ¥y d’y _d )
Y 52422 -

dx3 dx? dx
-[ylll + 5yII + 2}/, — 0]

\ = y3+ 5y, +2y; =0 )




Order of a Differential Equation

Highest derivative present in the D.E

2
- _ — |+ 2I—|= 3 Order =

(i)
I EX.

d3y| _d?y _dy dy dzy
) —= — — i) — = — Order =2
(i) s +5dx2+2dx 0 Order=3 (ii) T xln dx2
d3 d?y\’
(iii) sl | xln 4 Order =4 Order =3
dx3 dx?
X X X

Note - Order of a differential equation is always a positive integer.




Degree of a Differential Equation

Condition - D.E must be ajpolynomial equation

in derivatives.

e )

(L) 2x —y=25

Algebraic Equation

(u)—+y—6=> .+y—6 !

Power of variables are whole numbers

(Lu) 2x +m =
Kx

dx

d?y dy\E X
ﬁXW> = E Order =2

Yy : 3
dx —»[Varlable] (l)(.) +5(a +2([;) =0 | Order =3
d’y y

d
(iD|==| ==
dx? dx (iii) —+ sin d ’ =0 |Order=1
x




Degree of a Differential Equation

Highest power of highest order of derivative present in the D.E .

Order =2
2
(0) d2y+2 dy=o Degree =2
dx? dx
W@F(2)s o
dx? dx Degree =4

Cubing both sides

(s2)] -] - @F-{)-1

Note- Degree of a D.E is always a positive integer.
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d*y Order =
(L) + sin (y']) = 0
Degree =

[(ii)-l- 2y’ +siny = o]\ Order =
Degree =

-

~N

d?y)\’ dy
— —| Order =
(iii) () + cos ( 0 \

- J Degree =

2N\ 2) ~
(w) <ds) +35<d S) =0 | Order =

N )\A Degree =




d*y Order =4
(L) + sin (y']) = 0
Degree = Not defined
[(ii)+ 2y’ +siny = 0]\ order =2
Degree =1

-

~N

d?y)\’ dy |
_ > Order = 2

. J Degree = Not defined

2o\ _
(w) <ds) +35<d S) 0 » Order =2




Sol.



Q. Determine order and degree (if defined) of given D. E.

Sol.

5 dZ d3
w” Xl

dzy d3y
(W+ ’ (d_

Raising both sides to power 10

Order =3

Degree =5




Solutions of a Differential Equation

Solution of Equations Solution of D.E
» x2-25=0 [x=5-5 ‘Functions|
LHS=RHS

2 Y m-=0
» x“+36=0 x = +6i LHS=RHS
[Real or Complex Numbers ] [¢ is the solution of D.E]
[EX_ ==0} y=e*|?

dx v
= eX—e*=0 dy .

LHS=RHS dx




Q. Verify that the given function is a solution of corresponding D.E.

2
Hy=e*+1 :[y”—y’=0] (i) xy =logy + C i[y,zli/xy]
Sol. y=e*+1 Sol. xy=logy+C
Differentiating both sides w.r.t. x Differentiating both sides w.r.t. x
dy _d .. d ._d._
= y' =e* »eq.1 :>y+xy’=;y’
Differentiating eq.1 w.rt. x = y2 +xyy’ =y
= y” = eX »eq.2

= y?=y'(1 —xy)
yu . y/ =0 , yz
= e¥ —e¥ = Y=

1—xy
LHS=RHS







Q. Verify that the given function is a solution of corresponding D.E.

x+y=tanly : [y?y ' +y2+1=0

Sol. x+y=tan"ly
Differentiating both sides w.rt. x
1+y’ 1 ’
> =
I YRl Y2y +y2+1=0
[ 1
= 1= —(1+y?
1+ y2 ] :>y2[ (yzy )]+y2+1=0
oo 1—(1+y2) S
__ 11572 > —1—y“+y“+1=0
: LHS=RHS
= 1=
[1+vly
_ 2
N (1+y)]

yZ




General and Particular Solutions of a D.E

Y
d A
y = ex _y — 0
ma nd m Family of curves /
= 28 — 28 X,’ e
} LHS=RHS b
= 5e* — 5e* =
,WhereCI,ER y:@ex y:x \Y{,
1 \ ' J
[ Arbltralry Constant ] [ Specific Values]
L

General Solution | | Particular Solution |




A2 N A\
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Summary
Differential Equation

Equation involving derivative of dependent variable w.r.t. independent variable.

Order of Differential Equation
Highest order of derivative present in the Differential Equation

Degree of Differential Equation

D.E must be a polynomial equation in derivatives

Highest power of highest order of derivative present in the D.E.
General and Particular Solutions of a differential equation
A function is obtained in the solution of Differential Equation.
General solution contains arbitrary constants

Particular solution contains no arbitrary constants but only the particular values

Formation of a differential equation
Order of D.E is equal to the number of arbitrary constants in general solution..



Special Cases to solve DEs

* Variable-separable method
* Homogeneous Equations
* Linear Equations



Variables Separable type D.E.

First Order, First Degree D.E. v > sec’xtany dx +sec?ytanx dy =0
dy x+1 = sec?xtany dx = —sec? ytanx dy
= =>|(x + Ddx|=((y + 2)dy) sec? x Sec2
v dx y + 2 :{ dx]={— y dy]
2y tan x tany
X 55== -
dx® x Variables Separable type D.E

dy dy 1
— =1=>—=1- =
v Gy=1s ZT)e s dy =

e
d
= d—z=ex.ey



Variables Separable Method

l General Solution = D.E.

Differentiation Integration
D.E.® General and Particular
Solution
: dy
General Solution =-7x ; [y =3 when x = 0]
> Separate the variables dy = —7xdx 7
H 2
» Integrate both sides jdy j —7xdx 3 = -3 (0)*+C
Particular Solution y+C, = _Ex +C, L =3 -
> Eliminate ar!oitraryconstant =—Zx2+C _c y=—5x2+3]
from G.S. using given Y 2 2 " _
information [ 7, C]General Particular
y=- Zx * Clsolution Solution




Q. For differential equation find a particular solution satisfying the given

condition . d
cos(

y
— | = ER):yvy=1 when x =
dx) a(a )y x=0

Sol.



Q. For differential equation find a particular solution satisfying the given

condition . d
COsS
(dx

Sol. Separating the variables
dy
dx
= dy = (cos ! a)dx
Integrating both sides

fdy= cos_lade

=>y=cos ta(x)+C
y=xcos*a +C |—Eq.1
General Solution

=cos 1a

—y)=a(aER);y=1When x=0

y=1 when x =20
=>1=0xcos ta +C
>C=1

Substituting C =1in Eq .1
>y=xcos ta+1

Required Particular Solution



Q. Find the equation of curve passing through the point (0, —2) given that at
any point (x,y) on the curve ,the product of the slope of its tangent and
y —coordinate of the point is equal to the x — coordinates of the point.

Sol.



Q. Find the equation of curve passing through the point (0, —2) given that at
any point (x,y) on the curve ,the product of the slope of its tangent and
y —coordinate of the point is equal to the x — coordinates of the point.

dy

Sol. Slope of tangent to the curve =

dy
—_— =X
ydx
Separating the variables
=>ydy =xdx
Integrating both sides

jydy=jxdx

2 2
y X
=5 — = — C
2 2+

s\y?2 —x2=2C | —Eq .1
General Solution

dx

Curve passes through point (0, —2)
= (=2)?—(0)*= 2C

= 2C =4
Substituting 2C = 4in Eq. 1
:>[y2 —x* =4 ] Particular Solution

Required Equation




Summary
> Variable Separable Differential Method

d
% = f(x,y) (Variables Separable Type D.E.)
> General Solution

* Separate the variables
* Integrate both sides

> Particular Solution

* Findthe General solution
. Eliminate arbitrary constant from General Solution using given information in question



Homogenous Differential Equations

dy x+3y
dx X
X XxX-—=y
Separate the variables

Homogenous Differential

Homogenous Function

m) Multiplicative Scaling

Equations

Behaviour
Multiplied b
Arguments Pe2PY Factor
Multiplied b
Value of THMPHETO¥ IDower of that Factor
function ]
Degree

‘>/F(x, y) =(5x2% + 4y2] | A

x =Ax and y = A1y

= F(Ax,1y) =5(1x)? + 4(1y)?

= 25+ + 4y%)
= F(Ax, Ay) = A2F (x, y)
Degree = 2

g/ =in(2)

y=Ay and x = Ax
= F(Ax, Ay) = sin (jy)

an(2)

= F(Ax, y) = A@F(x y)
Degree =0

» F(x,y) =cosx +siny
y=A1y and x = Ax
= F(Ax,Ay) = cos Ax + sin y

= F(Ax,Ay) = A"F(x,y)

Not Possible



Homogenous Differential Equations

» F(x,y) =cosx +siny

dy
_ y —= =[F(x,y) | mp | Homogenous
=X g(x) X dx Function
Or
X « Degree =0
;) Homogenous D.E.

i

> F(x,y) = ynh(

Alternate Method

> F(x,y) = x"g(%)

)

Function

Homogenous

Degree =n




Homogenous Differential Equations

Alternate Method

> F(x,y) = x"’g(%)
> F(x,y) = y"h(f)
y

Homogenous
Function

Degree =n

» F(x,y) = cosx +siny

=xmg3) x

Or

)

» F(x,y) =5x + 4y

(e+2) =2

Or

o)

Degree =1

d
D ey

Degree =0

» F(x,y) = sin (X)

X

-stan( =2 ()

Or

X X
i
Y y y

Degree =0

Homogenous
Function

Homogenous D.E.




Homogenous Differential Equations

d + : : : :
Ex. Show that the dy =27V isa homogenous differential equation
X XxX—Yy
Sol.
Method | Method ||
xX+y dy x+y
F(X, y) = — —
X—y dx x—y
Ax + A y X
FQx, dy) = 5= x(1+3) y(5+1)
Ax — Ay = y —
x(1-2) x_
Alx +y) X y 1
= 0 y y
AC =) =xg(3) e
X =YV 9|-
= A°F(x,y) _
Degree =0 y
Degree =0




Q. Find the particular solution of given differential equation satisfying
the given condition
x?dy + (xy+y?)dx=0;y=1whenx =1
Sol.



Q. Find the particular solution of given differential equation satisfying
the given condition

x?dy + (xy+y?)dx=0;y=1whenx =1

Sol.
x2dy + ey +yDdx =0 | v -Goxsen?) () = (2)2
dy _ —(xy+y?) v xdx B x2 v+2)  \x
de — x? dv. _  dx - o\ 2
P =" = ()=
_ —(Qxdy+()?) dv_ _ _dx x2y\ _ 2
F(Ax, Ay) = (Ax)2 J‘v(v+2) - X (y+2x) ¢
_ 10 1 [(v+2)-v] _dx C2 = 1
F(Ax,y) = A°F(x, y) 2lvw+2) ] «x x2y Si
y =vx [a_1] - _dx yt2x 3
d_y:v_l_xﬁ 2lv v+2l T «x y + 2x = 3x2y
- - logv —log(v + 2)] = —logx +logC
Substituting value of y ; logv —log(v +2)] = —logx +log
ay . i 1 LA ¢
and - ingiven D.E. 2log (v+2) = log (x)



Summary
> Homogenous Differential Equation

( Variables Separable Type D.E)

> General Solution

* Separate the variables
* Integrate both sides

> Particular Solution

* Findthe General solution
. Eliminate arbitrary constant from General Solution using given information in question



Linear Differential Equations

dy 5
xa+2y=x x

0 Homogenous D.E.
O Variable Separable

Method

Linear Equation

Highest power of
variableis 1.

V2x+3=0 1
\/x+y=2 1
Xx?+1=0 2

Dependent variable and its Derivative mp

. 4

Not multiplied together

dy

dx +|EZ|=|§|J
Constant
or Function of x

dx
dy

15t Degree

+

P

@

Constant
or Function of y

[Linear D.E. in variable y]

[ Linear D.E. in variable x]

dy

— 4+ 2y = x?
xdx+y X
dy| |2
:_

dx

+2 5
T
dy 'y



Q. Check whether the given differential equations are linear differential
eguations or not.

—(C _ 9,2 ay 2 _
% |» dy=(5—-2y%)dx =t 2y =5

d2x Order=2
> |2 =5y

Degree=1

X a2 _ day 1 _
> 2125 :>dx+z_5




Solving Linear Differential Equations

[Integrable Form] @ [%+Py= QJ S Lﬂ

Eﬁﬂ{?tir\g}(Special Function )
actor

[ Linear D.E. in variable y ]

(02 + prcoy)= or )|

¥

[% (yf(x))]=[f(x) % + yf’(x)] f(x) = el PAx= | F,

Pf(x) = f'(x)
_ ')
p= £

Integrating w.r.t x

_r )
[Pdx = | IS dx

J Pdx = log |f(x)|

edex%_l_Pedexy — Qedex

%(yedex) _ Qedex

Integrating w.rit x

[YXER=T@XER)dx+el x x1.F.= [ (Q XLF.)dy+C

dx
d_y+Px_Q

Linear D.E. in variable x

f)
f(y) = e/ Py = L F.

Solution

xed EBlatibQ x el P2)dy + C




Solving Linear Differential Equations

Linear D.E. in variable y

%+Py=Q X f()

(3’1;(36))'= Y'f) [y f(x) Solution? Z—i +Px = Q
f(x)% + Pf(x)y/= Qf (x) I :]{i’(S)C) Linear D.E. in variable x
(V@) = Qf (x) @ fO)

. Integrating w.r.t. x
Integrating w.r.t. x

[ (yf() dx = [ Qf (x)dx [ Pdx = log f(x) Integrating Factor

Y X fG) = [ Of)dx | | [f(x) = el P¥|=LF. f(y) = el P4 = LF.
yedex — f (Qedex)dx +C

yXLF.=[(QxILF)dx+C

xel PAY = [(Q x el P)dy + ¢

xXxLF.=[(QxLF)dy+¢C

y =5 Qf (0)dx




Solving Linear Differential Equations

Steps
1. Standard form
2. Z—i’+|ﬂy =[QJForm
3. ldentify P and Q

4. Find LF. = el Pdx
5.y(LF) = [ (QxLF)dx+C

[€108/ ) = £(x)]

General Solution ?

Q = x?

x(LF) = [(Q xLFE)dy+C

y(LF.) = [(Q xLF.)dx +C
yx = [ (x2(x))dx + C
xy = [ (x®dx+C

x4-
xy =+ (| Solution




Q. Find the general solution for given differential equation

4 2y = sin]
7, T2y =sinx

Sol.

dy B
e

P =2 |and| Q =sinx

L.F.= el Pax
LF.= el 20x =
Solution

y(LE)=[(QxLF)dx+C

[yezx =[f sin x ezxdx]+ C]

I =sinx [ e*dx — | (d% (sinx) [ e**dx )dx
e?* sin x e2x
I = > —[f (cosx7) dx}

I = ezx;inx—ﬂcosxf e?* — | (%(cosx) fezxdx)dx]

2X o; 2Xx 2X
[ =% Slnx—llcosxe——f ((—sinx)%) dx]

2 2 2
2X o 2x
e“*sin x e<* cos x 1 .
[ =———-—, _Z[f (sinx e?*)dx ]

2x

I =%- (2sinx — cosx) ey
4 4

e?x :
[ = = (2sinx — cos x)

2X
ye?* = e? (2sinx —cosx) + C

[ y =§ (2sinx — cosx) + Ce‘zx} G.S.




Q. Find the general solution for given differential equation

Sol. -




Q. Find the general solution for given differential equation

SoI. d_y 1 x -

dx - (x+y)

xe™ =y[(edy— | [diy(y)fe‘ydy] +C

xe ™ =y(—eV)dy + f(e‘y)dy + C

xe ¥ =—ye Y —eV+C

x ==y —1+Ce”

x+y+1=_Ce” G.S.

x(LF.) = [(QxLF)dy+C

xe™ = [ (ye¥)dy + C




Q. Find the equation of curve passing through the point (0,2) given
that the sum of the coordinates of any point on the curve exceeds
the magnitude of the slope of the tangent to the curve at any point

by 5.
Sol.



Q. Find the equation of curve passing through the point (0,2) given
that the sum of the coordinates of any point on the curve exceeds
the magnitude of the slope of the tangent to the curve at any point

by 5.
o o
Sol. F(x,y) ye ™ = [ (x — 5)e ™ dx +dC
i J (= 5)edx = (x = 5)[ e¥dx — J |- (x — 5)f e~¥dx| dx
(x, y) Slope = — B dx }
a & = (x —5)(—e ™) — [(—e ™) dx
—y+5=x+y :d_y_ —x—5
o ax 7 =0G5-—x)e¥—e*

%4_ Py =0 J (x=5)e*dx = (4 —x)e™*

P=-1 land |[Q=x-5 ye*=(@4—-x)e”*+C
y =4—x+Ce”*

x+y—4 =Ce* G.S.

ILF.= e Pax
LF.= el (GDax = g7 C=—2
y(LF.) = [(Q X LF.)dx + C x+y—4 =—2e* Required Equation




Summary

> Linear Differential Equation

Dependent variable and its Derivative are of 15t Degree and are not
multiplied together.

> Standard Forms
° ﬂ — L % =
dx +Py =0 dy +hx =0

» Solving Homogenous Differential Equation
1. Write D.E. in Standard form
ldentify the type
ldentify P and Q
Find I.F. e/ P4 or e/ PA¥5ccordingly
Find y(I.LF.) = [ (Q X .F.)dx + C
or
x xLF= [ (Q x LE.)dy + C accordingly

SEENNCIN
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