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Unit 4: Integration
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12MO7.0 Revision

- Differentiation — rate of change
« Differentiation of x™ = nx™1

- Differentiation of kx™ = k(nx"™1)



Q. Find &
dx
1. y=4x3+7x +§ 2.y =sin®x — cosx

Sol.
1.%=12x2+7+810gx 2.2 = gin 2x + sinx

X dx



Derivative

Y

F(x) f(x)
wi-Derivative
Integration
A B
Displacement (s)| t*+2t t3+ t*

Velocity(v) 2t + 2 3t2|+14¢3




Fill in the Blanks

f(x) F(x) f(x) F(x)
2X e*
4x3 1
X
COS X 2 cos x + x?
sec? x sin 2x




d
Differentiation > ¥ Integration
X

ZF ) = £() | )@= Feo

dx

Differentiation of F(x) w.rt x is Integration of f(x) w.r.tx is
equal to f(x) equal to F(x)

Ex.
d

d—x(Sinx) =COSX = jcosxdx=sinx



Integration of Standard Functions - Examples

Here are some examples of derivatives ,

try to find the anti-derivatives for same functions.

d
— (sinx) = cos x
dx

d

& (v3) — 242
dx(x) 3x
4.1
dxnx_x
d

eX = X

dx

jcosxdx = sinx

f?ax2 dx = x3

1
f—dxz In x
X

fexdx=ex



Fill in the Blanks

d
—(x* = 16X 107%%)

d
E(x2+5) 27
d

E(xz—lOO) 27

27




Fill in the Blanks

d
j_x(xz + 5) e 2X EF(x) = f(x)

d
E(x2 — 100) ¢mm— 22X

d
a(x2 — 1.6 X 10—19)F 2X

Jf(x)dx =F(x)+C

ijdx= x2 +C



Ex.Given f(x) = 2x, [ f(x)dx = g(x),[g(l) = 2} Find g(x).

Sol. [f(x)dx=F(x)+C g)=1+C=2
[2x dx=x*+C C=1
gx) =x*+C

gx)=x*+1



Geometrical
Meaning of
Constant of
Integration




Fill in the Blanks

f(x)

F(x)

1




d
— (sinx) = cosx
dx

d
— (cosx) = —sinx
dx

d
— (tanx) = sec® x
dx

d
— (secx) = secxtanx
dx

fcosx = sinx

Jr Sinx = —cosXx
Jr sec?x = tanx
rsecx =77
J 2

[

J tanx =77



Ex

Constant Rule: '
J(Zcosx+x2)dx =7

[f kf(x)dx = kjf(x)dx]

Addition/Subtraction Rule: @sinx+0) +(5+c)

2[ cosxdx + [ x*dx =?

3

_ X
[J(f(x) + g(x))dx = ff(x)dx + J g(x)d% 2 sinx + E) +C




[jf(x)dsz(x) +C]

[ | ftax+pax= Lo b)]

Jcosxdx =sinx + C

j cos(2x +5)dx = sin(2x +5)+C

d
P (sin(2x +5) + C) = 2cos(2x + 5)
2 2

1
j cos(2x + 5)dx =3 sin(2x +5) + C






Q.

Sol.

rer_l
) e +1
r-er_l
) e +1

dx

eX —e™*
——dx
j eX +e™*

Put, t =e*+e™*

dt = (e* — e ™¥)dx

dt
]T = log|t| + C

= log(e*+e™)+C ;-

dx Divide by e*

eX >0

1
log<ex +§> + C

<ezx + 1)
log +C

ex
log(e?* + 1) —loge* + C

log(e?* + 1) —xloge + C

log(e?* +1) —x+C ,[~loge = 1]

d d
—_— ZX')= 2x —_— =
{ T (e 2e ) T (1)=0 }




Q.j

Vx + 4

dx



Q j =4
. X
x + 4

Sol.  pu @=xTh o GZOD
dt

2t —=1+4+0
dx T

2t dt = dx

)
f - 2t dt

2j(t2—4)dt

t3 ]
=2|=—4t|+¢C
5«

t? ]
=2t|——4|+C
5+

. t2 —12
B 3

|+¢

x+4—12
=2\/x+4[ 3 ]+C
2



Q1 | sin x sin(cos x) dx

Q2 Jr(4x + 2)\/x2 + x + 1dx

1

etan_ X
Q3 f dx

1+ x2

1
Q4 J cos? x(1 — tan x)? dx

1
Q5 Jl—tanxdx




Q1 | sin x sin(cosx)dx = coscosx + C

f V2 _ e 1% C
Q2 J(4x+2) X +x+1dx—§(x +x+ 12+

-1

etan X )
Q3 f 1+ 22 dx = eta "X 4
J 1 d S,
Q4 cos? x(1 — tan x)? Y T tanx

1 x 1 _
j dx =—=—=log|lcosx —sinx|+C
1—tanx

Q5 2 2



Summary

> LetP(x) = f];(( )) dx or Q(x) = [ f(x)f'(x) dx
Steps :-
() Putt = f(x)
(I dt = f'(x)dx
(1) Substitute f'(x)dx with dt and f(x) with t
(

V) Integrate w.r.t t.

» Some standard Integrals :-

I [tanx dx = log|secx| + C

II. [ cotxdx =loglsinx|+C

111 fsecx dx = log|secx + tanx| +C

IV. [ cosecx dx = log|cosec x — cotx| + C



Revision

2A Formulae

N

sin2A = 2sinAcos A cos2A = cos?A —sin?A 1 —tan? 4
cos 24 =
1+ tan2 A
_ 24
2 tan A =2cos“A—1 > A
sin 24 = 2 tan 24 =
1+tan? 4 —1—_2sin24 1 —tan? A4

34 Formulae

—

3tanA4 —tan3 A

sin34 = 3sinA — 4sin3 A cos34A=4cos>A—3cosA | tan3A4 =
1 —3tan? 4

N

Product to Sum Formulae

—

2sinAcos B = sin(A + B) + sin(4 — B) 2 cos Asin B = sin(4 + B) — sin(A — B)
2cosAcos B = cos(A — B) + cos(4 + B) 2sinAsinB = cos(A — B) — cos(A + B)




Ex. jsin 6x cos 3x dx / \

Sol. 2sinAcos B = sin(4 + B) + sin(4 — B)
2 cos Asin B = sin(A + B) — sin(4 — B)
2 cosAcos B = cos(A + B) + cos(A — B)

2sinAsinB = cos(A — B) — cos(4 + B)

- /




Ex. j [sin 6Xx COoS 3x] dx

1 ]
Sol. EJ 2 sin 6x - cos 3x dx

%f(sin(6x + 3x) + sin(6x — 3x))dx

1
Ej(sin 9x + sin 3x)dx

_ 1 [— cos9x cos 3x
2 9 3
—cos9x cos 3x

= — C
18 6

4 R

[+ 2 sin@ cos@ = sin(A + B) + sin(A — B) ]
2cosAsinB = cos(4A — B) — cos(A + B)
2cosAcosB = sin(4 + B) — sin(4 — B)

2sinAsinB = cos(A — B) — cos(4 + B)

N /




Q1

Q2

Q3

Q4

Q5

[

1 —cosx
dx

J

1+ cosx

j sin? x dx

J

(COSX — SInx

d
1 +sin2x

fcos2x + 2 sin® x

COS?2 x

cos 2x cos 4x cos 6x dx

dx



Q1

Q2

Q3

Q4

Q5

[

cos 2x cos 4x cos 6x dx

1 —cosx
dx

J

1+ cosx

j sin? x dx

J

[ COSX — SinXx

d
1 +sin2x

fcos2x + 2 sin® x

> dx
COS“% X

1rsin12x sin8x sin4dx

— + + +C

41 12 8 4

X
=2tan§—x+C

3x 1

. 1 .
g—zstx +§sm4x+C

1
—= +C
sinx + cos x

=tanx + C



Summary

» Using Trigonometric Identities convert functions like :

. 2 1—Cos 2x 2 1+Cos 2x
SIn® x = ) COS™ X =
2 2
. SN X—S1n >Xx COS X1TCO0S 55X
3 3 3 3 3 + 3
SIin™ x = , COS™ X =

4 4

» When Trigonometric ratios are given in product form, convert into sum form using
these formulae

2sinAcos B = sin(4 + B) + sin(A — B)
2 cosAsinB = sin(4 + B) — sin(4 — B)
2 cosAcos B = cos(A — B) + cos(A + B)
2sinAsinB = cos(4 — B) — cos(A + B)



\ 4 A
X = at

a? — a?t?
\/ a? — Xz] a2(1 _ tZ)
putx =asinf orx =acosf \_

J
4 A

X =asinf

Va2 + x2

utx =atanf orx = acotf
P a’ — a?sin? 6

Vx?% — q? a?(1 — sin® 6)

2

put x = asecB or x = acosect / a? cos? 6







= 1

PUt b atang ; g:tane ; tang — Vx2a+a2
dx = asec? 6 do
f asec?6 do o e
Va?tan? 0 + a? log§+xT+a + G
asec?6 do
J asecf log|x +x* +a*| —loga + ¢
jsec@d@ log|x+\/x2+a2|+C ; C=C(;—loga
log|secO + tan 8| + C




EX.

X
J\/ZS + x2
Sol.

j dx
Jx2 + (5)2
log|x ++x?% + a2| +C

Using Standard form j
Vx? + a?

log|x+\/x2 +25| +C



EX.

Sol.

J

dx
1 — x2




Ex. j dx

1—x?

Sol. dx
j (1)2 — x?

Put x = asect f 1 1

Using Standard form R dx = 7

a-+x

log ‘ +C

a—Xx

1+x
1—x

1
2Xx1

log ‘+C

1+x
1—x

1

Elog

+c




Special forms of Integrals

dx XL o f dx 11 ‘a+x‘+c
_— = n —_ =
Vaz — x2 ST a2 —x2 2a Cla—x
dx dx 1 —
- _ [ 2 _ 2 —
Jm log |x +V/x2 — a?[ + ¢ fo—aZ ZaIng+a‘+C
dx dx 1 X
— [ 42 2 — —tan—1Z
j\/xz__l_az—log|x+ X +a|+C Ja2+x2_atan a+C




Special forms of Integrals

dx _1l ‘x—a‘_l_c f dx _11 ‘a+x‘+c
x2—a? 2a ng+a a2 —x2 2a Oga—x
dx 1 X dx
e _ [.2 _ 2
a2+x2_atarl a+C fw/xz_az—log|x+ X a|+C
d—x—sin‘1£+C JL=10g|x+\/x2+a2|+C
Va? — x? a Vx? + a?




f ! dx
Q. V7 — 6x — x2

Sol.



J . dx
Q. V7 — 6x — x2

Sol.

e ~

f - dx =7 —2X3Xx —x?
J#)?2 = (3 + x)2

— 2 122 __ 2
Put,t =3+ x =743 —-—3—-2X%X3Xx—x

=16 —(32+2x3xx+x?)
—=0+1
dx

=16 — (3 + x)*?
dt = dx

at —y 7—6x—x?=(4?-(3+x)?
j\/(4)2—t2 =sin"ig +C K /

1(3+x)
4

= sin~

+ C

j dx _ _1x+C
= Sln —
\/aZ _x2

a




Q1

Q2

Q3

Q4

Q5

[

1
dx

[

J V1 + 4x2

3x
dx

J 1+ 2x*

dx

J X
Vx© + a®

f\/x2+2x+2

5x + 3

j\/xz

+ 4x + 10

dx



Q1

Q2

Q3

Q4

Q5

[ 1

—

V1 + 4x2
r 3x
J 14 2x%

[ x°

—

Vx© + a®
( dx

dx

dx

dx

J VxZ2 +2x + 2
5x + 3

Vx2 + 4x + 10

=%log|2x+\/4x2 + 1| +C

_i n-1 y)
—2\/_ta (\/fx)+C

=%log|x3+\/m| +C

=log|(x+1)+\/x2+2x+2| +C

dx =5JVx2+4x+10 —

71og|(x +2) +Vx2 +4x + 10| + C



Summary

1

\/aZ_xZ !

> When (a? — x?) or then put x = a sinf or x = a cos 8

2 2 1 _ _
> When (a“ + x )orm,then put x = atané or x = acotb

2 _ 2 1 _ _
» When (x“ —a )orm,then put x = asecf or x = acosec6




> [—

x2—q2

dx

> [ ——dx
dx
az+x2

>

dx

>

1
> V=

1
> e

1
~tan~!
a

x2—q2

1
Z—alog

1
Zlog

X

X—a
x+a

at+x
a—x

+cC
a

Summary

+ C

+ C

log|lx + Vx2 —a2| + C

dx = sin_lg +C

dx = log|x + Vx2 + a2| + C



Special forms of Integrals

j 1 dx = si ‘1x+C
JaZ—z 7y

j%=log|x+\/x2—a2|+C
x%—a

J%dx =log|x+\/x2+a2| +C
x%’+a




filogx dx Substitution
f sin"!xlnxdx =?
[ sin3 x dx Trigonometrical
|dentities
f xeXdx =?
1
| e Partial

Fractions



ILATE rule

l jxcosx dx

I — Inverse Function sin"tx J x sin~! x dx
L — Logarithm Function Inx VLIATE
A ——  Algebraic Function x3 1 1

T ——  Trigonometric Function sinx

E —— Exponential Function e*



Q. Find [xcosxdx
Sol.



Sol.

Find [x cosx dx

cos x dx
X
x [cosxdx — [ [cosx dx(Z—;C)dx

xsinx — [ sinx dx

xsinx +cosx +C

ILATE

I



Q. Find [logx dx
Sol.



Sol.

Find [ logx dx

[logx.1.dx

d(l

logx [1.dx— [ Oix)fl.dxdx

d
xlogx — f%xdx

xlogx—x+C



f(b)

fM

\ 4

S

=
|

|
=

F(x) = Jf(x) dx

b
F(x) =J f(x)dx



Revision

If
1
lim — =0
n—-oco N
1 .
= — lim h =
n h h—0
1
lim —



b
| reax
a
A xX=0>
S
1
i dAg = f(xg) X (x1 — x0)
x=a [ E dAy = flx) X (xz = x1)
|
Qr— | i :
: l | |
|
! E I i « Continuous Function
' I
| : : | - Non — negative values, graph
b i : E R R above the x-axis
X0 Xn



The limit of the sum

f(x)dx dAO—fx Y% h

dAy +d (X1 — xo)
- nx (/D j‘&%h t Fn)
dA, = f(6) X h

o’fﬁidf‘—_(’n PLG)
A=lim (h32 i

b Cpe an—1
L FG)dx = lim (-— ;fm))J

el g

=
o

=
=
=
S



Evaluation for Area Function

[2 F(x) dx
/ [2 (o) dx = [F()]5 = F(b) — F(a)

x < [a, b]
/ [; f(x) dx

e Continuous Function
« Well defined in [a, b]

|




Sol.

Findf:(x2 +e*) dx

[x%dx + [ e*dx



Q. Findfo1 3x%(x% + 1) dx
Sol.
f01 3x%(x% + 1) dx

_ [(x3+1)2]1

— .

_ (a+1?  (0+1)?
2 2
_4_1

T2 2

N w

[3x%(x3+ 1) dx
x34+1=t3x%dx =dt
[tdt

tZ

?-l-C

(x3+1)2

. + C
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