
Unit 4: Integration - Applications

D Bhanu Prakash

Credits: Avanti Sankalp Program

https://dbhanuprakash233.github.io/




Area = න
𝒂

𝒃

𝒇(𝒙) 𝒅𝒙

𝑶

𝒇(𝒙)

𝑶

𝒀

𝑿

𝒚 = 𝟐

𝒙 + 𝒚 = 𝟖
𝒙 = 𝟔

Area = 𝟔 × 𝟐 +
𝟏

𝟐
× 𝟐 × 𝟐

= 𝟏𝟒 Units

?

𝒙 = 𝒂 𝒙 = 𝒃𝒙 = 𝒄

Principle

𝑿

𝒚 = 𝒇 𝒙
𝒈 𝒙



Anti derivative of 𝒇 𝒙 = 𝐅 𝒙

න 𝒇 𝒙 𝒅𝒙 = 𝑭 𝒙 + 𝑪

න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙 = 𝑭 𝒙 + 𝑪 𝒂
𝒃

Area Under a curve from 𝒙 = 𝒂 to 𝒙 = 𝒃 is න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙

න
𝒂

𝒃

𝒇(𝒙) 𝒅𝒙 = න
𝒂

𝒄

𝒇(𝒙) 𝒅𝒙 + න
𝒄

𝒃

𝒇(𝒙) 𝒅𝒙



න
𝟎

𝟏 𝒅𝒙

𝟏 + 𝒙𝟐
𝟏. න

𝟎

𝟏

𝒙𝒆𝒙𝟐
𝒅𝒙𝟐.

Q.  Evaluate the definite integrals, if 



Q.  Evaluate the definite integrals, if 

න
𝟎

𝟏 𝒅𝒙

𝟏 + 𝒙𝟐
𝟏. න

𝟎

𝟏

𝒙𝒆𝒙𝟐
𝒅𝒙𝟐.

Sol.

= න
𝟎

𝟏 𝟏

𝟏 + 𝒙𝟐
𝒅𝒙 = න

𝟎

𝟏

𝒆𝒙𝟐
𝒙 𝒅𝒙

= 𝐭𝐚𝐧−𝟏 𝒙
𝟎

𝟏

= 𝐭𝐚𝐧−𝟏 𝟏 − 𝐭𝐚𝐧−𝟏 𝟎

=
𝝅

𝟒
− 𝟎

=
𝝅

𝟒

𝒆𝒙𝟐
= 𝒕

𝒆𝒙𝟐
𝟐𝒙 𝒅𝒙 = 𝒅𝒕

𝒆𝒙𝟐
𝒙 𝒅𝒙 =

𝒅𝒕

𝟐

𝒙 = 𝟎 𝒕 = 𝟏

𝒙 = 𝟏 𝒕 = 𝒆

= න
𝟏

𝒆 𝒅𝒕

𝟐

=
𝒕

𝟐 𝟏

𝒆

=
𝟏

𝟐
𝒆 − 𝟏



𝑶

𝒇(𝒙)

𝒙 = 𝒂 𝒙 = 𝒃

𝑿



𝒇(𝒙)

𝒙 = 𝒂 𝒙 = 𝒃

𝑿𝑶



𝒇(𝒙)

𝒙 = 𝒂 𝒙 = 𝒃

𝑿𝑶



𝒇(𝒙)

𝒙 = 𝒂 𝒙 = 𝒃

𝑿𝑶



𝒇(𝒙)

𝒙 = 𝒂 𝒙 = 𝒃

𝑿𝑶



𝒇(𝒙)

𝒙 = 𝒂 𝒙 = 𝒃

𝑿

𝒚𝟐

𝒚𝒓

𝒙𝟎𝒙𝟎 𝒙𝟎 𝒙𝟎𝒙𝟎

𝑨 = 𝒚𝟏𝒙𝟎 + 𝒚𝟐𝒙𝟎 + ⋯ 𝒚𝒓𝒙𝟎 + ⋯ + 𝒚𝒏𝒙𝟎

𝒚𝒏

𝒚𝒏−𝟏𝒚𝟏

𝑶



𝒇(𝒙)

𝒙 = 𝒂 𝒙 = 𝒃 𝑿𝒅𝒙

𝒅𝑨 = 𝒇 𝒙 𝒅𝒙

𝒅𝑨

𝒅𝒙
= 𝒇 𝒙

Diff. of 𝑨 w.r.t. 𝒙 
is equal to 𝒇 𝒙

න 𝒇 𝒙 𝒅𝒙 = 𝑨
𝒚

Area = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙

𝑶

𝒙

𝒅𝑨 = 𝒚 𝒅𝒙

= 𝒇 𝒙



𝑶

Sol.
𝐘

𝐘′

𝐗𝐗′

𝒙 = 𝟎

𝒙 = 𝟒

𝑩 𝟎, 𝟓

Q. Find the area of the region bounded by 𝒚 = 𝟐𝒙 + 𝟓 and 𝒙-axis for 
𝒙 = 𝟎 to 𝒙 = 𝟒 in first quadrant.

𝑨 −𝟓/𝟐, 𝟎

𝑪 𝟒, 𝟏𝟑

𝑫 𝟒, 𝟎 

𝒚 = 𝟐𝒙 + 𝟓



𝑶

Sol.
𝐘

𝐘′

𝐗𝐗′

𝑨𝒓𝒆𝒂 = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙

𝒙 = 𝟎

𝒙 = 𝟒

𝒇 𝒙 = 𝒚 = 𝟐𝒙 + 𝟓 𝒂 = 𝟎 𝒃 = 𝟒

𝑩 𝟎, 𝟓

Q. Find the area of the region bounded by 𝒚 = 𝟐𝒙 + 𝟓 and 𝒙-axis for 
𝒙 = 𝟎 to 𝒙 = 𝟒 in first quadrant.

𝑨 −𝟓/𝟐, 𝟎

𝑨𝒓𝒆𝒂 𝒐𝒇 𝑩𝑪𝑫𝑶𝑩 = න
𝟎

𝟒

𝟐𝒙 + 𝟓 𝒅𝒙

= 𝒙𝟐 + 𝟓𝒙
𝟎

𝟒

= 𝟒 𝟐 + 𝟓 𝟒

− 𝟎 𝟐 + 𝟓 𝟎

= 𝟑𝟔 units 

𝑪 𝟒, 𝟏𝟑

𝑫 𝟒, 𝟎 

𝒚 = 𝟐𝒙 + 𝟓



𝑨 = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙 𝑨 = න
𝒂

𝒃

𝒈 𝒚 𝒅𝒚

𝑶

𝐘

𝐘′

𝐗𝐗′

𝒚 = 𝒇 𝒙

𝒙 = 𝒂 𝒙 = 𝒃 𝑶

𝐘

𝐘′

𝐗𝐗′

𝒙 = 𝒈 𝒚

𝒚 = 𝒂

𝒚 = 𝒃

The area of the region bounded by 
the curve 𝒚 = 𝒇(𝒙), 𝒙-axis and the 
lines 𝒙 = 𝒂 and 𝒙 = 𝒃 𝒃 > 𝒂 . 

The area of the region bounded by 
the curve 𝒙 = 𝒈(𝒚), 𝒚-axis and the 
lines 𝒚 = 𝒂 and 𝒚 = 𝒃 𝒃 > 𝒂 .



𝑶

Sol.
𝐘

𝐘′

𝐗𝐗′

Q. Find the area of the region bounded by 𝒚 = 𝐬𝐢𝐧 𝒙 and 𝒙-axis for 𝒙 = 𝟎 
to 𝒙 = 𝟐𝝅.

𝒙 = 𝟎

𝒙 = 𝟐𝝅 𝒚 = 𝐬𝐢𝐧 𝒙

−𝝅, 𝟎 𝝅, 𝟎 𝟐𝝅, 𝟎

𝟏

−𝟏



𝑶

Sol.
𝐘

𝐘′

𝐗𝐗′

Q. Find the area of the region bounded by 𝒚 = 𝐬𝐢𝐧 𝒙 and 𝒙-axis for 𝒙 = 𝟎 
to 𝒙 = 𝟐𝝅.

𝑨 = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙

𝒙 = 𝟎

𝒙 = 𝟐𝝅 

𝒇 𝒙 = 𝒚 = 𝐬𝐢𝐧 𝒙

𝒂 = 𝟎 𝒃 = 𝟐𝝅

𝒚 = 𝐬𝐢𝐧 𝒙

−𝝅, 𝟎 𝝅, 𝟎 𝟐𝝅, 𝟎

𝟏

−𝟏𝑨 = න
𝟎

𝟐𝝅

𝐬𝐢𝐧 𝒙 𝒅𝒙

= − 𝐜𝐨𝐬 𝒙 𝟎
𝟐𝝅

= − 𝐜𝐨𝐬 𝟐𝝅 − − 𝐜𝐨𝐬 𝟎

= −𝟏 − −𝟏

= 𝟎



𝑶

Sol.
𝐘

𝐘′

𝐗𝐗′

Q. Find the area of the region bounded by 𝒚 = 𝐬𝐢𝐧 𝒙 and 𝒙-axis for 𝒙 = 𝟎 
to 𝒙 = 𝟐𝝅.

𝑨 = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙

𝒙 = 𝟎

𝒙 = 𝟐𝝅 

𝒇 𝒙 = 𝒚 = 𝐬𝐢𝐧 𝒙

𝒂 = 𝟎 𝒃 = 𝝅

𝒚 = 𝐬𝐢𝐧 𝒙

−𝝅, 𝟎 𝝅, 𝟎 𝟐𝝅, 𝟎

𝟏

−𝟏𝑨𝟏 = න
𝟎

𝝅

𝐬𝐢𝐧 𝒙 𝒅𝒙

= − 𝐜𝐨𝐬 𝒙 𝟎
𝝅

= − 𝐜𝐨𝐬 𝝅 − − 𝐜𝐨𝐬 𝟎

= − −𝟏 − −𝟏

= 𝟐 Units

𝒙 = 𝝅 

𝑨𝟏

𝑨𝟐

𝒇 𝒙 = 𝒚 = 𝐬𝐢𝐧 𝒙

𝒂 = 𝝅 𝒃 = 𝟐𝝅

𝑨𝟐 = න
𝝅

𝟐𝝅

𝐬𝐢𝐧 𝒙 𝒅𝒙 = − 𝐜𝐨𝐬 𝒙 𝝅
𝟐𝝅

= − 𝐜𝐨𝐬 𝟐𝝅 − − 𝐜𝐨𝐬 𝝅

= − 𝟏 − (− −𝟏 )

= − 𝟐 Units



𝑶

Sol.
𝐘

𝐘′

𝐗𝐗′

Q. Find the area of the region bounded by 𝒚 = 𝐬𝐢𝐧 𝒙 and 𝒙-axis for 𝒙 = 𝟎 
to 𝒙 = 𝟐𝝅.

𝑨 = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙

𝒙 = 𝟎

𝒙 = 𝟐𝝅 𝒚 = 𝐬𝐢𝐧 𝒙

−𝝅, 𝟎 𝝅, 𝟎 𝟐𝝅, 𝟎

𝟏

−𝟏

𝑨𝟏 = 𝟐 Units

𝒙 = 𝝅 

𝑨𝟏

𝑨𝟐

𝑨𝟐 = − 𝟐 Units

|𝑨𝟐| =  𝟐 Units

𝑨 = 𝑨𝟏 + 𝑨𝟐  

= 𝟒 Units

𝑨 = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙 𝑨 = න
𝒂

𝒄

𝒇 𝒙 𝒅𝒙 + න
𝒄

𝒃

𝒇 𝒙 𝒅𝒙

𝒚 = 𝒇 𝒙  changing from +𝒗𝒆 to 
−𝒗𝒆 at 𝒙 = 𝒄, where 𝒄 ∈ 𝒂, 𝒃 , then



Summary

The area of the region bounded by the curve 𝒚 = 𝒇(𝒙), 𝒙-axis and the 
lines 𝒙 = 𝒂 and 𝒙 = 𝒃 𝒃 > 𝒂  is given by the formula: 

𝑨𝒓𝒆𝒂 = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙

The area of the region bounded by the curve 𝒙 = 𝒈(𝒚), 𝒚-axis and the 
lines 𝒚 = 𝒄 and 𝒚 = 𝒅 𝒅 > 𝒄  is given by the formula

𝑨𝒓𝒆𝒂 = න
𝒄

𝒅

𝒈 𝒚 𝒅𝒚



𝑶

𝐘

𝐘′

𝐗
𝐗′ 𝒙 = 𝒃𝒙 = 𝒂

𝒚𝟏 = 𝒇 𝒙

𝒚𝟐 = 𝒈 𝒙

𝑨𝟏𝑨𝟐

𝑨𝟏 = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙

𝑨𝟐 = න
𝒂

𝒃

𝒈 𝒙 𝒅𝒙

𝑨

𝑨 = 𝑨𝟏 − 𝑨𝟐

𝑨 = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙 − න
𝒂

𝒃

𝒈 𝒙 𝒅𝒙

𝑨 = න
𝒂

𝒃

𝒇 𝒙 𝒅𝒙 − න
𝒂

𝒃

𝒈 𝒙 𝒅𝒙

𝑨 = න
𝒂

𝒃

𝒇 𝒙 − 𝒈 𝒙 𝒅𝒙𝑨 = න
𝒂

𝒃

𝑼𝒑𝒑𝒆𝒓 𝑪𝒖𝒓𝒗𝒆 − 𝑳𝒐𝒘𝒆𝒓 𝑪𝒖𝒓𝒗𝒆 𝒅𝒙



𝑩
𝟏

𝟐
, −

𝟑

𝟐

𝑨
𝟏

𝟐
,

𝟑

𝟐
𝒙𝟐 + 𝒚𝟐 = 𝟏

𝑶

𝐘

𝐘′

𝐗𝐗′

Sol.

𝒙 − 𝟏 𝟐 + 𝒚𝟐 = 𝟏

Q. Find the area bounded by curves 𝒙 − 𝟏 𝟐 + 𝒚𝟐 = 𝟏 and 𝒙𝟐 + 𝒚𝟐 = 𝟏.

𝑨 = න
𝒂

𝒃

𝒇 𝒚 − 𝒈 𝒚 𝒅𝒚



𝑩
𝟏

𝟐
, −

𝟑

𝟐

𝑨
𝟏

𝟐
,

𝟑

𝟐
𝒙𝟐 + 𝒚𝟐 = 𝟏

𝑶

𝐘

𝐘′

𝐗𝐗′

Sol.

𝒙 − 𝟏 𝟐 + 𝒚𝟐 = 𝟏

𝒇 𝒚 = 𝟏 − 𝒚𝟐 𝒈 𝒚 = 𝟏 − 𝟏 − 𝒚𝟐

𝒙𝟐 + 𝒚𝟐 = 𝟏

⇒ 𝒙𝟐 = 𝟏 − 𝒚𝟐

⇒  𝒙 = ± 𝟏 − 𝒚𝟐

Q. Find the area bounded by curves 𝒙 − 𝟏 𝟐 + 𝒚𝟐 = 𝟏 and 𝒙𝟐 + 𝒚𝟐 = 𝟏.

𝑨 = න
𝒂

𝒃

𝒇 𝒚 − 𝒈 𝒚 𝒅𝒚

𝒙 − 𝟏 𝟐 + 𝒚𝟐 = 𝟏

⇒ 𝒙 − 𝟏 𝟐 = 𝟏 − 𝒚𝟐

⇒  𝒙 − 𝟏 = ± 𝟏 − 𝒚𝟐

⇒ 𝒙 = 𝟏 ± 𝟏 − 𝒚𝟐



𝑩
𝟏

𝟐
, −

𝟑

𝟐

𝑨
𝟏

𝟐
,

𝟑

𝟐
𝒙𝟐 + 𝒚𝟐 = 𝟏

𝑶

𝐘

𝐘′

𝐗𝐗′

Sol.

𝒙 − 𝟏 𝟐 + 𝒚𝟐 = 𝟏

𝒇 𝒚 = 𝟏 − 𝒚𝟐 𝒈 𝒚 = 𝟏 − 𝟏 − 𝒚𝟐

𝒂 = −
𝟑

𝟐
 and 𝒃 =

𝟑

𝟐

𝑨 = න
− 𝟑/𝟐

𝟑/𝟐

𝟏 − 𝒚𝟐 − 𝟏 − 𝟏 − 𝒚𝟐 𝒅𝒙

= 𝟐
𝒚

𝟐
𝟏 − 𝒚𝟐 +

𝟏

𝟐
𝐬𝐢𝐧−𝟏 𝒚 − 𝒚

− 𝟑/𝟐

𝟑/𝟐

𝑨 =
𝟐𝝅

𝟑
−

𝟑

𝟐
Units

Q. Find the area bounded by curves 𝒙 − 𝟏 𝟐 + 𝒚𝟐 = 𝟏 and 𝒙𝟐 + 𝒚𝟐 = 𝟏.

𝑨 = න
𝒂

𝒃

𝒇 𝒚 − 𝒈 𝒚 𝒅𝒚

= න
− 𝟑/𝟐

𝟑/𝟐

𝟐 𝟏 − 𝒚𝟐 − 𝟏 𝒅𝒙



Summary

The area of the region bounded by the curve 𝒚 = 𝒇 𝒙 , 𝒚 = 𝒈 𝒙  and the 
lines 𝒙 = 𝒂 and 𝒙 = 𝒃 𝒃 > 𝒂  is given by the formula: 

𝑨𝒓𝒆𝒂 = න
𝒂

𝒃

𝒇 𝒙 − 𝒈 𝒙 𝒅𝒙  

where 𝒇 𝒙 ≥ 𝒈 𝒙  in 𝒂, 𝒃

If 𝒇 𝒙 ≥ 𝒈 𝒙  in 𝒂, 𝒄  and 𝒇 𝒙 ≤ 𝒈 𝒙  in 𝒄, 𝒃 , 𝒂 < 𝒄 < 𝒃, then

𝑨𝒓𝒆𝒂 = න
𝒂

𝒄

𝒇 𝒙 − 𝒈 𝒙 𝒅𝒙 + න
𝒄

𝒃

𝒈 𝒙 − 𝒇 𝒙 𝒅𝒙
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