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Scalars Vectors

Physical Quantities

Magnitude

Magnitude

Direction

Mass

Volume

Length

Area

Charge

Power
Force

Displacement

Velocity

Acceleration

Temperature

Momentum

Torque

Angle

Speed Energy

Weight

Electric Field



Q.  Classify the following measures as scalars and vectors.

(𝑖)    13 𝑘𝑔 

(𝑖𝑖)    2 𝑚𝑒𝑡𝑒𝑟𝑠 south - west 

(𝑖𝑖𝑖)    45° 

(𝑖𝑣)    4 𝑗𝑜𝑢𝑙𝑒

(𝑣)    10−21 𝑐𝑜𝑢𝑙𝑜𝑚𝑏

(𝑣𝑖)    30 𝑚/𝑠2

→ Scalar

→ Vector

→ Vector

→ Scalar

→ Scalar

→ Scalar

Sol.



A quantity that has

magnitude as well as 
direction.

= 𝒂

Vector 𝒍 𝒍

𝑩

𝑨

Directed Lines

Directed Line SegmentTerminal Point

Initial Point

𝒂

𝑨𝑩

|𝑨𝑩| = 𝒂Magnitude :



𝒀

𝑿

𝒁

𝑶

𝑷 𝒙, 𝒚, 𝒛  

𝟎, 𝟎, 𝟎  

𝒓

𝒙

𝒚

𝒛

𝒛

𝒚

𝑸

𝑶𝑷 = 𝒓 

Position Vector

𝑹

In △ 𝑄𝑂𝑅

𝑂𝑄2 = 𝑂𝑅2 + 𝑅𝑄2

𝑂𝑄2 = 𝑥2 + 𝑦2

In △ 𝑃𝑂𝑄

𝑂𝑃 = 𝑂𝑄2 + 𝑃𝑄2

𝑶𝑷 = 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = 𝒓 = 𝒓 

𝑺



𝒀

𝑿

𝒁

𝑶𝟎, 𝟎, 𝟎  

𝑶𝑨 = 𝒂 

𝒂 𝒃

𝒄

𝑨 𝑩

𝑪𝑶𝑩 = 𝒃 

𝑶𝑪 = 𝒄 

Position Vector

|𝑶𝑨| = 𝒂

|𝑶𝑩| = 𝒃

|𝑶𝑪| = 𝒄

𝒂



Types of Vectors

Zero/Null Vector

Unit Vector

Coinitial Vectors

Collinear Vectors

Equal Vectors



Types of Vectors

Zero/Null Vector

Unit Vector

Coinitial Vectors

Collinear Vectors

Equal Vectors

A vector whose initial and terminal points coincide.

Ex. 𝐴𝐴, 𝐵𝐵 
etc.

𝐴𝐴 = 0

𝐵𝐵 = 0



A vector whose magnitude is unity. 

Types of Vectors

Zero/Null Vector

Unit Vector

Coinitial Vectors

Collinear Vectors

Equal Vectors

Unit vector in the direction of Ԧ𝑎 is ො𝑎.

𝒂ෝ𝒂

ෝ𝒂 =
𝒂

𝒂
|ෝ𝒂| = 𝟏



Types of Vectors

Zero/Null Vector

Unit Vector

Coinitial Vectors

Collinear Vectors

Equal Vectors

Two or more vectors having the same initial points.

𝒂

𝒃

𝒄

Ԧ𝑎,𝑏 and Ԧ𝑐 are coinitial vectors.



Types of Vectors

Zero/Null Vector

Unit Vector

Coinitial Vectors

Collinear Vectors

Equal Vectors

If two or more vectors are parallel to the same line,

irrespective of their magnitude and directions.

𝒂

𝒃

𝒄

Ԧ𝑎,𝑏 and Ԧ𝑐 are collinear vectors.



Types of Vectors

Zero/Null Vector

Unit Vector

Coinitial Vectors

Collinear Vectors

Equal Vectors

Two vectors having same magnitude and 

direction regardless of the positions of their initial
points. 

𝒂

𝒃

𝒄

Ԧ𝑎 = 𝑏

𝑏 ≠ Ԧ𝑐

Ԧ𝑎 ≠ Ԧ𝑐

Ԧ𝑎,𝑏 and Ԧ𝑐 are collinear vectors.



Q.  In given figure (a square), identify the following vectors.

(𝑖)    Coinitial 

(𝑖𝑖)    Equal 

(𝑖𝑖𝑖)    Collinear but not equal 

Sol.

𝒂

𝒃

𝒄

𝒅
𝒆



Q.  In given figure (a square), identify the following vectors.

(𝑖)    Coinitial 

(𝑖𝑖)    Equal 

(𝑖𝑖𝑖)    Collinear but not equal 

Ԧ𝑎 and Ԧ𝑒

𝑏 and Ԧ𝑑

Ԧ𝑎 and Ԧ𝑐

Sol.

𝒂

𝒃

𝒄

𝒅
𝒆

Ԧ𝑐 and 𝑏



Q.      Answer the following as true or false :

Sol. (𝑖)   Ԧ𝑎 and − Ԧ𝑎 are collinear.

(𝑖𝑖)   Two collinear vectors are always equal in magnitude. 

(𝑖𝑖𝑖)   Two vectors having same magnitude are collinear.

(𝑖𝑣)   Two collinear vectors having the same magnitude are equal.      

𝒂−𝒂

𝒂

𝒃

𝒂

𝒃

𝒂

−𝒂



Q.      Answer the following as true or false :

Sol. (𝑖)   Ԧ𝑎 and − Ԧ𝑎 are collinear.

(𝑖𝑖)   Two collinear vectors are always equal in magnitude. 

(𝑖𝑖𝑖)   Two vectors having same magnitude are collinear.

(𝑖𝑣)   Two collinear vectors having the same magnitude are equal.      









𝒂−𝒂

𝒂

𝒃

𝒂

𝒃

𝒂

−𝒂



Summary

Scalar Quantity : A physical quantity that has only a magnitude.

Vector Quantity : A physical quantity that has magnitude and direction.

𝐴

𝐵

Initial point

Terminal point

𝒂

𝐴𝐵 = Ԧ𝑎Directed line segment

|𝐴𝐵| = 𝑎Magnitude

𝑋

𝑌

𝑍

𝑂

𝑃

𝒓

Position vector 𝑂𝑃 = Ԧ𝑟

𝑥, 𝑦, 𝑧



Summary
Types of Vectors

Zero vector

Unit vector

Coinitial vector

Collinear vector

Equal vector

𝐴𝐴 = 0 |𝐴𝐴| = 0

|𝐴𝐵| = 1

Vectors having same initial points.

Vectors parallel to the same line.

Vectors having same magnitude and direction.

Ԧ𝑎 × 𝜆 = 𝜆 Ԧ𝑎Multiplication of a vector by a scalar

Ԧ𝑎 × 𝜆 = 𝜆 Ԧ𝑎 = 𝜆𝑎Magnitude

𝜆 → Scalar



𝑨 𝑩

𝑪

𝑨𝑪 = 𝑨𝑩 + 𝑩𝑪

𝒂

𝒃

−𝒃

Triangle Law of Addition

𝑨 𝑩

𝑪

𝑪′
𝟎 = 𝑨𝑩 + 𝑩𝑪 − 𝑨𝑪 𝑨𝑩 + 𝑩𝑪 + 𝑪𝑨 = 𝟎 𝑨𝑨 = 𝟎



𝑿

𝒀

𝒁

𝑶

𝑨

𝑩 𝑶𝑨 + 𝑨𝑩 = 𝑶𝑩

Terminal Point

Initial Point

𝑨𝑩 = 𝑶𝑩 − 𝑶𝑨



𝑶 𝑨

𝑪
𝑶𝑨 + 𝑨𝑪 = 𝑶𝑪

𝒂

𝒃

𝑩

𝑶𝑩 + 𝑩𝑪 = 𝑶𝑪

𝒃

𝒂
𝒂 + 𝒃 = 𝑶𝑪

𝒃 + 𝒂 = 𝑶𝑪

⇒

⇒

𝒂 + 𝒃 = 𝒃 + 𝒂

Parallelogram Law of Addition

Commutative Property

𝒂 + 𝟎 = 𝟎 + 𝒂 = 𝒂

𝟎 Additive Identity ⟶



𝒂 + 𝒃 + 𝒄 𝒂 + 𝒃 + 𝒄𝑷 𝑺

𝑹

𝒃

𝑸

𝒄

𝒂

Ԧ𝑎 + 𝑏 + Ԧ𝑐 = Ԧ𝑎 + 𝑏 + Ԧ𝑐

𝑷 𝑺

𝑹

𝒃

𝑸

𝒄

𝒂

Associative Property



ෝ𝒂

෡𝒃

ො𝒄

𝑿

𝒀

𝒁

𝑶

𝑨

𝑩

𝑪

𝟏, 𝟎, 𝟎

𝟎, 𝟏, 𝟎

𝟎, 𝟎, 𝟏

𝒂 = 𝒃 = 𝒄 = 𝟏 Vector Magnitude Direction

𝒂

𝒃

𝒄

𝒂

𝒃

𝒄

= 𝟏

= 𝟏

= 𝟏

𝒂

𝒃

𝒄
𝒂 = 𝒂 ෝ𝒂

𝒃 = 𝒃 ෡𝒃

𝒄 = 𝒄 ො𝒄

→

→

→

Ƹ𝒊

Ƹ𝒋

෡𝒌

𝒂 = Ƹ𝒊

𝒃 = Ƹ𝒋

𝒄 = ෡𝒌

ෝ𝒂 =
𝒂

𝒂

෡𝒃 =
𝒃

𝒃

ො𝒄 =
𝒄

𝒄

×

×

×

Ԧ𝒊 = Ԧ𝒋 = 𝒌 = 𝟏

Unit 
Vectors 
along 
Axes



𝑿

𝒀

𝒁

𝑶
𝒙 Ƹ𝒊 𝒚 Ƹ𝒋

𝒛෡𝒌

𝑨

𝑩

𝑪

𝑫

𝑷 𝒙, 𝒚, 𝒛

𝒓

𝑶𝑨 = 𝒙 Ƹ𝒊

𝑶𝑩 = 𝒚 Ƹ𝒋

𝑶𝑪 = 𝒛෡𝒌

𝑶𝑫 = 𝑶𝑨 + 𝑨𝑫 = 𝒙 Ƹ𝒊 + 𝒚 Ƹ𝒋

= 𝑨𝑫

= 𝑫𝑷

In ∆𝑶𝑨𝑫

In ∆𝑶𝑫𝑷

𝑶𝑷 = 𝑶𝑫 + 𝑫𝑷 = 𝒙 Ƹ𝒊 + 𝒚 Ƹ𝒋 + 𝒛෡𝒌

𝒓 = 𝒙 Ƹ𝒊 + 𝒚 Ƹ𝒋 + 𝒛෡𝒌

|𝒓| = 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 ො𝒓 =
𝒓

𝒓 Unit vector along 𝒓→



Ex. Find the unit vector in the direction of the vector 𝟑 Ƹ𝒊 + Ƹ𝒋 + ෡𝒌 . 

Sol.



Ex. Find the unit vector in the direction of the vector 𝟑 Ƹ𝒊 + Ƹ𝒋 + ෡𝒌 . 

Sol. Ԧ𝑟 = 3 Ƹ𝑖 + Ƹ𝑗 + ෠𝑘

Ԧ𝑟 = 32 + 12 + 12

Ԧ𝑟 = 11

Ƹ𝑟 =
Ԧ𝑟

Ԧ𝑟

Ƹ𝑟 =
3

11
Ƹ𝑖 +

1

11
Ƹ𝑗 +

1

11
෠𝑘

=
3 Ƹ𝑖 + Ƹ𝑗 + ෠𝑘

11



𝒂 = 𝒂𝟏 Ƹ𝒊 + 𝒂𝟐 Ƹ𝒋 + 𝒂𝟑
෡𝒌 𝒃 = 𝒃𝟏 Ƹ𝒊 + 𝒃𝟐 Ƹ𝒋 + 𝒃𝟑

෡𝒌

𝒂 + 𝒃 = 𝒂𝟏 + 𝒃𝟏 Ƹ𝒊 + 𝒂𝟐 + 𝒃𝟐 Ƹ𝒋 + 𝒂𝟑 + 𝒃𝟑
෡𝒌

𝒂 − 𝒃 = 𝒂𝟏 − 𝒃𝟏 Ƹ𝒊 + 𝒂𝟐 − 𝒃𝟐 Ƹ𝒋 + 𝒂𝟑 − 𝒃𝟑
෡𝒌

Sum :

Difference :

Equality : 𝒂𝟏 = 𝒃𝟏, 𝒂𝟐 = 𝒃𝟐 & 𝒂𝟑 = 𝒃𝟑 𝒂 = 𝒃

Multiplication with scalars 𝒑 and q :

𝒑𝒂 = 𝒑𝒂𝟏 Ƹ𝒊 + 𝒑𝒂𝟐 Ƹ𝒋 + 𝒑𝒂𝟑
෡𝒌 𝒒𝒂 = 𝒒𝒂𝟏 Ƹ𝒊 + 𝒒𝒂𝟐 Ƹ𝒋 + 𝒒𝒂𝟑

෡𝒌

⟹

𝒑𝒂 + 𝒒𝒂 = 𝒑𝒂𝟏 + 𝒒𝒂𝟏 Ƹ𝒊 + 𝒑𝒂𝟐 + 𝒒𝒂𝟐 Ƹ𝒋 + 𝒑𝒂𝟑 + 𝒒𝒂𝟑
෡𝒌

𝒑𝒂 + 𝒒𝒂 = 𝒑 + 𝒒 𝒂 𝒑 𝒒𝒂 = 𝒑𝒒 𝒂 𝒑 𝒂 + 𝒃 = 𝒑𝒂 + 𝒑𝒃

Distributive Property𝒑𝒂 + 𝒒𝒂 = 𝒑 + 𝒒 𝒂𝟏 Ƹ𝒊 + 𝒑 + 𝒒 𝒂𝟐 Ƹ𝒋 + 𝒑 + 𝒒 𝒂𝟑
෡𝒌



4 Ƹ𝑖 + 5෠𝑘 = 𝑥 Ƹ𝑖 + 𝑧 ෠𝑘

Ex. Find the values of 𝒙 and 𝒚 so that the vectors 𝟒 Ƹ𝒊 + 𝟓෡𝒌 and 𝒙 Ƹ𝒊 + 𝒛෡𝒌 are 
 equal.
Sol.

𝑥 = 4 𝑧 = 5



Q. Find the sum and difference of the vectors 𝟑 Ƹ𝒊 − 𝟐 Ƹ𝒋 + 𝟕෡𝒌 and

  −𝟒 Ƹ𝒊 + 𝟖 Ƹ𝒋 + 𝟑෡𝒌 .

Sol.

Ԧ𝑎 + 𝑏 = 3 Ƹ𝑖 − 2 Ƹ𝑗 + 7෠𝑘 + (−4 Ƹ𝑖 + 8 Ƹ𝑗 + 3෠𝑘)

Ԧ𝑎 = 3 Ƹ𝑖 − 2 Ƹ𝑗 + 7෠𝑘 𝑏 = −4 Ƹ𝑖 + 8 Ƹ𝑗 + 3෠𝑘

Ԧ𝑎 + 𝑏 = 3 − 4 Ƹ𝑖 + −2 + 8 Ƹ𝑗 + 7 + 3 ෠𝑘

Ԧ𝑎 + 𝑏 = − Ƹ𝑖 + 6 Ƹ𝑗 + 10 ෠𝑘

Ԧ𝑎 − 𝑏 = 3 Ƹ𝑖 − 2 Ƹ𝑗 + 7෠𝑘 − (−4 Ƹ𝑖 + 8 Ƹ𝑗 + 3෠𝑘)

Ԧ𝑎 − 𝑏 = 3 + 4 Ƹ𝑖 + −2 − 8 Ƹ𝑗 + 7 − 3 ෠𝑘

Ԧ𝑎 − 𝑏 = 7 Ƹ𝑖 − 10 Ƹ𝑗 + 4෠𝑘



𝑿

𝒀

𝒁

𝑶

𝒂

𝒃

Collinear Vectors

𝒂 = 𝒂𝟏 Ƹ𝒊 + 𝒂𝟐 Ƹ𝒋 + 𝒂𝟑
෡𝒌 𝒃 = 𝒃𝟏 Ƹ𝒊 + 𝒃𝟐 Ƹ𝒋 + 𝒃𝟑

෡𝒌

𝒃 = 𝝀𝒂

𝝀 → Scalar

Same Direction

Opposite Direction



𝑿

𝒀

𝒁

𝑶

𝒂

𝒃

Collinear Vectors

𝒂 = 𝒂𝟏 Ƹ𝒊 + 𝒂𝟐 Ƹ𝒋 + 𝒂𝟑
෡𝒌 𝒃 = 𝒃𝟏 Ƹ𝒊 + 𝒃𝟐 Ƹ𝒋 + 𝒃𝟑

෡𝒌

𝒃 = 𝝀𝒂

𝝀 → Scalar

𝒃𝟏 Ƹ𝒊 + 𝒃𝟐 Ƹ𝒋 + 𝒃𝟑
෡𝒌 = 𝝀 𝒂𝟏 Ƹ𝒊 + 𝒂𝟐 Ƹ𝒋 + 𝒂𝟑

෡𝒌

𝒃𝟏 Ƹ𝒊 + 𝒃𝟐 Ƹ𝒋 + 𝒃𝟑
෡𝒌 = 𝝀𝒂𝟏 Ƹ𝒊 + 𝝀𝒂𝟐 Ƹ𝒋 + 𝝀𝒂𝟑

෡𝒌

⟹

⟹

⟹ 𝒃𝟏 = 𝝀𝒂𝟏 𝒃𝟐 = 𝝀𝒂𝟐 𝒃𝟑 = 𝝀𝒂𝟑

𝒃𝟏

𝒂𝟏
=

𝒃𝟐

𝒂𝟐
=

𝒃𝟑

𝒂𝟑
= 𝝀

Condition for Collinearity

Same Direction

Opposite Direction



Q. Show that the vectors 𝟐 Ƹ𝒊 − 𝟑 Ƹ𝒋 + 𝟒෡𝒌 and −𝟒 Ƹ𝒊 + 𝟔 Ƹ𝒋 − 𝟖෡𝒌 are collinear. 

Sol. Ԧ𝑎 = 2 Ƹ𝑖 − 3 Ƹ𝑗 + 4෠𝑘 𝑏 = −4 Ƹ𝑖 + 6 Ƹ𝑗 − 8෠𝑘

𝑏 = −2 2 Ƹ𝑖 − 3 Ƹ𝑗 + 4෠𝑘

𝑏 = −2 Ԧ𝑎

𝑏 = 𝜆 Ԧ𝑎

Ԧ𝑎 and 𝑏 are collinear



𝒀

𝑿

𝒁

𝑶

Direction Cosines
𝑷 𝒙, 𝒚, 𝒛  

𝟎, 𝟎, 𝟎  

𝜶

𝐜𝐨𝐬 𝜶

𝐜𝐨𝐬 𝜷

𝐜𝐨𝐬 𝜸

Direction Angles

𝛂

𝛃

𝛄

𝑙 = cos 𝛼

𝑚 = cos 𝛽

𝑛 = cos 𝛾

𝒙
𝒚

𝒛
𝒓

𝜸

𝜷=
𝑥

𝑟

=
𝑦

𝑟

=
𝑧

𝑟

𝑥 = 𝑙𝑟

𝑦 = 𝑚𝑟

𝑧 = 𝑛𝑟

𝒍𝒓, 𝒎𝒓, 𝒏𝒓  

𝑸

𝑹

𝑺𝒍 =

𝒎 =

𝒏 =

𝟎 ≤ 𝜶 ≤ 𝝅 𝟎 ≤ 𝜷 ≤ 𝝅 𝟎 ≤ 𝜸 ≤ 𝝅

𝑷′



𝑚 = cos 𝛽

𝑛 = cos 𝛾

𝑙 = cos 𝛼 =
𝑥

𝑟

=
𝑦

𝑟

=
𝑧

𝑟

𝑙2 + 𝑚2 + 𝑛2

=
𝑥2 + 𝑦2 + 𝑧2

𝑟2

=
𝑟2

𝑟2

𝑙2 + 𝑚2 + 𝑛2 = 1

cos2 𝛼 + cos2 𝛽 + cos2 𝛾 = 1

=
𝑥

𝑟

2

+
𝑦

𝑟

2

+
𝑧

𝑟

2

Relation between 𝒍, 𝒎 and 𝒏

𝑿

𝒀

𝒁

𝑶

𝑷

𝒙, 𝒚, 𝒛

𝒓

𝑂𝑃 = 𝑥2 + 𝑦2 + 𝑧2 = 𝑟

𝑥2 + 𝑦2 + 𝑧2 = 𝑟2

𝑙2 + 𝑚2 + 𝑛2

𝑙2 + 𝑚2 + 𝑛2



Ex. Find the direction cosines of the vector Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟑෡𝒌 .

Sol.



Ex. Find the direction cosines of the vector Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟑෡𝒌 .

𝑥 = 1 𝑦 = 2 𝑧 = 3

𝑟 = 𝑥2 + 𝑦2 + 𝑧2 = 12 + 22 + 32

𝑟 = 14 

𝑙 =
𝑥

𝑟
=

1

14
𝑚 =

𝑦

𝑟
=

2

14
𝑛 =

𝑧

𝑟
=

3

14

Sol.



Q. Find the direction cosines of 𝒙 – axis, 𝒚 – axis and 𝒛 – axis. 

Sol.

𝑿

𝒀

𝒁

𝑶

𝒍 = 𝐜𝐨𝐬 𝜶 𝒎 = 𝐜𝐨𝐬 𝜷 𝒏 = 𝐜𝐨𝐬 𝜸

𝟗𝟎°

𝟗𝟎°

𝟗𝟎°



Q. Find the direction cosines of 𝒙 – axis, 𝒚 – axis and 𝒛 – axis. 

Sol.

𝑿

𝒀

𝒁

𝑶

𝒍 = 𝐜𝐨𝐬 𝜶 𝒎 = 𝐜𝐨𝐬 𝜷 𝒏 = 𝐜𝐨𝐬 𝜸

Axes

𝑿 − Axis

𝒀 − Axis

𝒁 − Axis

Direction Angles

𝜶 𝜷 𝜸

𝟎° 𝟗𝟎°

𝟎°𝟗𝟎°

𝟎°

𝟗𝟎°

𝟗𝟎°

𝟗𝟎°𝟗𝟎°

𝟏, 𝟎, 𝟎

𝟎, 𝟏, 𝟎

𝟎, 𝟎, 𝟏

Direction 
Cosines

𝒍, 𝒎, 𝒏

𝟗𝟎°

𝟗𝟎°

𝟗𝟎°



𝑿

𝒀

𝒁

𝑶

𝑷 

𝑨 𝒂, 𝒃, 𝒄

𝒍 = 𝝀𝒂 𝒎 = 𝝀𝒃 𝒏 = 𝝀𝒄

𝝀 = ±
𝟏

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒍 = ±
𝒂

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒎 = ±
𝒃

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒏 = ±
𝒄

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒍, 𝒎, 𝒏  

𝑷′ 

𝒓



Ex. Find the direction cosines of the vector whose direction ratios are
  𝟐, −𝟏, −𝟐 .

Sol.



Ex. Find the direction cosines of the vector whose direction ratios are
  𝟐, −𝟏, −𝟐 .

Sol. 𝑎 = 2 𝑏 = −1 𝑐 = −2

𝜆 = ±
1

𝑎2 + 𝑏2 + 𝑐2
= ±

1

22 + (−1)2+(−2)2
= ±

1

4 + 1 + 4
= ±

1

9

𝜆 = ±
1

3

𝑙 = 𝜆𝑎 𝑚 = 𝜆𝑏 𝑛 = 𝜆𝑐

𝑙 = ±
1

3
× 2

𝑙 = ±
2

3

𝑚 = ±
1

3
× −1

𝑚 = ∓
1

3

𝑛 = ±
1

3
× −2

𝑛 = ∓
2

3

𝒍 𝒎 𝒏

2

3
−

1

3
−

2

3

−
2

3

1

3
−

2

3



Vector joining two points

𝑿

𝒀

𝒁

𝑶

𝑷𝟏

𝑷𝟐

𝒙𝟏, 𝒚𝟏, 𝒛𝟏

𝒙𝟐, 𝒚𝟐, 𝒛𝟐𝑶𝑷𝟏 + 𝑷𝟏𝑷𝟐 = 𝑶𝑷𝟐

𝑷𝟏𝑷𝟐 = 𝑶𝑷𝟐 − 𝑶𝑷𝟏

𝑶𝑷𝟏 = 𝒙𝟏 Ƹ𝒊 + 𝒚𝟏 Ƹ𝒋 + 𝒛𝟏
෡𝒌 𝑶𝑷𝟐 = 𝒙𝟐 Ƹ𝒊 + 𝒚𝟐 Ƹ𝒋 + 𝒛𝟐

෡𝒌

𝑷𝟏𝑷𝟐 = 𝒙𝟐 Ƹ𝒊 + 𝒚𝟐 Ƹ𝒋 + 𝒛𝟐
෡𝒌 − 𝒙𝟏 Ƹ𝒊 + 𝒚𝟏 Ƹ𝒋 + 𝒛𝟏

෡𝒌

𝑷𝟏𝑷𝟐 = 𝒙𝟐 − 𝒙𝟏 Ƹ𝒊 + 𝒚𝟐 − 𝒚𝟏 Ƹ𝒋 + 𝒛𝟐 − 𝒛𝟏
෡𝒌

𝑷𝟏𝑷𝟐 = 𝒙𝟐 − 𝒙𝟏
𝟐 + 𝒚𝟐 − 𝒚𝟏

𝟐 + 𝒛𝟐 − 𝒛𝟏
𝟐

Triangle Law

Distance Formula

|𝑷𝟏𝑷𝟐| =?



𝒎𝑹𝑸 = 𝒏𝑷𝑹

𝒃

𝒎

𝑶

𝑹

𝑸

𝑷

Section Formula

𝒏

Internal Division
𝑷𝑹

𝑹𝑸
=

𝒎

𝒏

𝑹𝑸 = 𝑶𝑸 − 𝑶𝑹 = 𝒃 − 𝒓

𝑷𝑹 = 𝑶𝑹 − 𝑶𝑷 = 𝒓 − 𝒂

𝒎 𝒃 − 𝒓 = 𝒏 𝒓 − 𝒂

𝒓 =
𝒎𝒃 + 𝒏𝒂

𝒎 + 𝒏



𝑹𝑸 = 𝑷𝑹

𝒓

𝒃

𝟏

𝑶 𝑹

𝑸

𝑷

Section Formula

𝟏

𝑷𝑹

𝑹𝑸
=

𝒎

𝒏
= 𝟏

𝑹𝑸 = 𝑶𝑸 − 𝑶𝑹 = 𝒃 − 𝒓

𝑷𝑹 = 𝑶𝑹 − 𝑶𝑷 = 𝒓 − 𝒂

𝒃 − 𝒓 = 𝒓 − 𝒂

𝒓 =
𝒃 + 𝒂

𝟐
Mid – Point Formula



𝒃

𝒎

𝑶

𝑸

𝑹

𝑷

Section Formula

𝒏

𝑷𝑹

𝑸𝑹
=

𝒎

𝒏
External Division

𝒎𝑸𝑹 = 𝒏𝑷𝑹

𝑸𝑹 = 𝑶𝑹 − 𝑶𝑸

𝑷𝑹 = 𝑶𝑹 − 𝑶𝑷

𝒎 𝒓 − 𝒃 = 𝒏 𝒓 − 𝒂

𝒓 =
𝒎𝒃 − 𝒏𝒂

𝒎 − 𝒏

= 𝒓 − 𝒃

= 𝒓 − 𝒂



Q. Find the position vector of a point 𝑹 which divides the line joining 

 two points 𝑷 and 𝑸 whose position vectors are Ƹ𝒊 + 𝟐 Ƹ𝒋 − ෡𝒌 and 

 − Ƹ𝒊 + Ƹ𝒋 + ෡𝒌 respectively, in the ratio 𝟐: 𝟏

𝒊   internally 𝒊𝒊   externally.  

Sol.

𝒊 𝒊𝒊



Q. Find the position vector of a point 𝑹 which divides the line joining 

 two points 𝑷 and 𝑸 whose position vectors are Ƹ𝒊 + 𝟐 Ƹ𝒋 − ෡𝒌 and 

 − Ƹ𝒊 + Ƹ𝒋 + ෡𝒌 respectively, in the ratio 𝟐: 𝟏

𝒊   internally 𝒊𝒊   externally.  

Sol. 𝑚

𝑛
=

2

1

Ԧ𝑟 =
𝑚𝑏 + 𝑛 Ԧ𝑎

𝑚 + 𝑛

Ԧ𝑎 = Ƹ𝑖 + 2 Ƹ𝑗 − ෠𝑘 𝑏 = − Ƹ𝑖 + Ƹ𝑗 + ෠𝑘

Ԧ𝑟 =
2 − Ƹ𝑖 + Ƹ𝑗 + ෠𝑘 + Ƹ𝑖 + 2 Ƹ𝑗 − ෠𝑘 

2 + 1

Ԧ𝑟 = −
1

3
Ƹ𝑖 +

4

3
Ƹ𝑗 +

1

3
෠𝑘

𝒊 𝒊𝒊 Ԧ𝑟 =
𝑚𝑏 − 𝑛 Ԧ𝑎

𝑚 − 𝑛

Ԧ𝑟 =
2 − Ƹ𝑖 + Ƹ𝑗 + ෠𝑘 − Ƹ𝑖 + 2 Ƹ𝑗 − ෠𝑘 

2 − 1

Ԧ𝑟 = −3 Ƹ𝑖 + 3෠𝑘



Summary

Direction Cosines

𝑙2 + 𝑚2 + 𝑛2 = 1 cos 𝛼2 + cos 𝛽2 + cos 𝛾2 = 1

𝐴 𝐵

𝐶

Triangle Rule

𝐴𝐵 + 𝐵𝐶 + 𝐶𝐴 = 0

Commutative Property : Ԧ𝑎 + 𝑏 = 𝑏 + Ԧ𝑎

Associative Property : Ԧ𝑎 + 𝑏 + Ԧ𝑐 = Ԧ𝑎 + 𝑏 + Ԧ𝑐

𝑂 𝑃

𝑄

𝑃𝑄 = 𝑂𝑄 − 𝑂𝑃

𝑃𝑄 = 𝑥2 − 𝑥1
2 + 𝑦2 − 𝑦1

2 + 𝑧2 − 𝑧1
2

𝑙 = cos 𝛼 𝑚 = cos 𝛽 𝑛 = cos 𝛾

Distance Formula

𝑥1, 𝑦1, 𝑧1

𝑥2, 𝑦2, 𝑧2



Summary

Ԧ𝑎 ± 𝑏 = 𝑎1 ± 𝑏1 Ƹ𝑖 + 𝑎2 ± 𝑏2 Ƹ𝑗 + 𝑎3 ± 𝑏3
෠𝑘

Ԧ𝑎 = 𝑎1 Ƹ𝑖 + 𝑎2 Ƹ𝑗 + 𝑎3
෠𝑘 𝑏 = 𝑏1 Ƹ𝑖 + 𝑏2 Ƹ𝑗 + 𝑏3

෠𝑘

Ԧ𝑎 = 𝑏 ⟹ 𝑎1 Ƹ𝑖 + 𝑎2 Ƹ𝑗 + 𝑎3
෠𝑘 = 𝑏1 Ƹ𝑖 + 𝑏2 Ƹ𝑗 + 𝑏3

෠𝑘

𝑎1 = 𝑏1 𝑎2 = 𝑏2 𝑎3 = 𝑏3

𝜆 Ԧ𝑎 = 𝜆𝑎1 Ƹ𝑖 + 𝜆𝑎2 Ƹ𝑗 + 𝜆𝑎3
෠𝑘 𝜆 → Scalar𝑋

𝑌

𝑍

𝑂

𝑃 𝑥, 𝑦, 𝑧
Ԧ𝑟

𝑥 Ƹ𝑖

𝑦 Ƹ𝑗

𝑧 ෠𝑘

𝑂𝑃 = Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧 ෠𝑘

Ƹ𝑖 = Ƹ𝑗 = ෠𝑘 = 1

Ƹ𝑟 =
Ԧ𝑟

Ԧ𝑟

Collinear Vectors

𝑏 = 𝜆𝑎

𝑏1

𝑎1
=

𝑏2

𝑎2
=

𝑏3

𝑎3
= 𝜆

Section Formula

Ԧ𝑟 =
𝑚𝑏 ± 𝑛 Ԧ𝑎

𝑚 ± 𝑛



𝒂

𝒃

Scalar / Dot Product of Two Vectors

Non Zero Vectors

= 𝒂 𝒃 𝐜𝐨𝐬 𝜽

𝒂

𝒃

𝜽𝟎 ≤ 𝜽 ≤ 𝝅𝒂 ∙ 𝒃

Dot

𝒂𝒃

= 𝒂 𝒃 𝐜𝐨𝐬 𝟎𝒂 ∙ 𝒃 = 𝒂 𝒃

𝒂𝒃

= 𝒂 𝒃 𝐜𝐨𝐬 𝝅𝒂 ∙ 𝒃

𝝅

= − 𝒂 𝒃

𝒂 ∙ 𝒃 is Maximum 𝒂 ∙ 𝒃 is Minimum

𝜽 = 𝟎

𝐜𝐨𝐬 𝜽 =
𝒂 ∙ 𝒃

𝒂 𝒃
𝜽 = 𝐜𝐨𝐬−𝟏

𝒂 ∙ 𝒃

𝒂 𝒃

→ Scalar



𝒂

𝒃

𝟗𝟎°

= 𝒂 𝒃 𝐜𝐨𝐬 𝟗𝟎°𝒂 ∙ 𝒃 = 𝟎

𝒂

= 𝒂 𝒂 𝐜𝐨𝐬 𝟎𝒂 ∙ 𝒂 = 𝒂 𝒂

𝒂 ∙ 𝒂 = 𝒂 𝟐

𝑿

𝒀

𝒁

𝑶
Ƹ𝒊

Ƹ𝒋

෡𝒌

Ƹ𝒊 ∙ Ƹ𝒊 = 𝟏 × 𝟏 𝐜𝐨𝐬 𝟎 

Ƹ𝒋 ∙ Ƹ𝒋 = 𝟏 × 𝟏 𝐜𝐨𝐬 𝟎 

෡𝒌 ∙ ෡𝒌 = 𝟏 × 𝟏 𝐜𝐨𝐬 𝟎 

Ƹ𝒊 = Ƹ𝒋 = ෡𝒌 = 𝟏

= 𝟏

= 𝟏

= 𝟏

Ƹ𝒊 ∙ Ƹ𝒊 = Ƹ𝒋 ∙ Ƹ𝒋 = ෡𝒌 ∙ ෡𝒌 = 𝟏

Ƹ𝒊 ∙ Ƹ𝒋 = 𝟏 × 𝟏 𝐜𝐨𝐬 𝟗𝟎° 

Ƹ𝒋 ∙ ෡𝒌 = 𝟏 × 𝟏 𝐜𝐨𝐬 𝟗𝟎° 

෡𝒌 ∙ Ƹ𝒊 = 𝟏 × 𝟏 𝐜𝐨𝐬 𝟗𝟎° 

Ƹ𝒊 ∙ Ƹ𝒋 = Ƹ𝒋 ∙ ෡𝒌 = ෡𝒌 ∙ Ƹ𝒊 = 𝟎

= 𝟎

= 𝟎

= 𝟎



Ex. Find the angle between two vectors 𝒂 and 𝒃 with magnitudes 𝟑

  and 𝟐, respectively having 𝒂 ∙ 𝒃 = 𝟔 .

𝒂 ∙ 𝒃 = 𝒂 𝒃 𝐜𝐨𝐬 𝜽

Sol.

𝐜𝐨𝐬 𝜽 =
𝒂 ∙ 𝒃

𝒂 𝒃

𝐜𝐨𝐬 𝜽 =
𝟔

𝟑 × 𝟐 

𝒂 = 𝟑 𝒃 = 𝟐 𝒂 ∙ 𝒃 = 𝟔

=
𝟏

𝟐 
𝜽 =

𝝅

𝟒

𝒂

𝒃

𝜽 =
𝝅

𝟒



𝒂

𝒃

𝜽

Properties of Scalar Products

𝒂 ∙ 𝒃 = 𝒂 𝒃 𝐜𝐨𝐬 𝜽

𝒃 ∙ 𝒂 = 𝒃 𝒂 𝐜𝐨𝐬 𝜽

Scalars

𝒃 ∙ 𝒂 = 𝒂 ∙ 𝒃 Commutative Property

𝒂 ∙ 𝒃 + 𝒄 = 𝒂 ∙ 𝒃 + 𝒂 ∙ 𝒄 Distributive Property

𝝀𝒂 ∙ 𝒃 = 𝝀 𝒂 ∙ 𝒃 = 𝒂 ∙ (𝝀𝒃)



Ex. Find the scalar product of the vectors 𝒂 = 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 − ෡𝒌 and 

𝒃 = − Ƹ𝒊 + 𝟓 Ƹ𝒋 + 𝟑෡𝒌 .

Sol.



Ex. Find the scalar product of the vectors 𝒂 = 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 − ෡𝒌 and 

𝒃 = − Ƹ𝒊 + 𝟓 Ƹ𝒋 + 𝟑෡𝒌 .

Sol. 𝒂 = 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 − ෡𝒌 𝒃 = − Ƹ𝒊 + 𝟓 Ƹ𝒋 + 𝟑෡𝒌

𝒂 ∙ 𝒃

𝒂 ∙ 𝒃 = 𝟐 Ƹ𝒊 ∙ − Ƹ𝒊 + 𝟑 Ƹ𝒋 ∙ 𝟓 Ƹ𝒋 + −෡𝒌 ∙ 𝟑෡𝒌

𝒂 ∙ 𝒃 = −𝟐 + 𝟏𝟓 − 𝟑

𝒂 ∙ 𝒃 = 𝟏𝟎

= 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 − ෡𝒌 ∙ − Ƹ𝒊 + 𝟓 Ƹ𝒋 + 𝟑෡𝒌 



Q. Find the value of 𝒚 if the vectors 𝒂 = 𝟐 Ƹ𝒊 − 𝟑 Ƹ𝒋 + ෡𝒌 and 𝒃 = Ƹ𝒊 + 𝒚 Ƹ𝒋 + 𝟒෡𝒌

 are perpendicular to each other.

Sol.

𝒃

𝒂

𝒂 = 𝟐 Ƹ𝒊 − 𝟑 Ƹ𝒋 + ෡𝒌 𝒃 = Ƹ𝒊 + 𝒚 Ƹ𝒋 + 𝟒෡𝒌

𝒂 ∙ 𝒃

𝟐 Ƹ𝒊 − 𝟑 Ƹ𝒋 + ෡𝒌 ∙ Ƹ𝒊 + 𝒚 Ƹ𝒋 + 𝟒෡𝒌 = 𝟎

= 𝒂 𝒃 𝐜𝐨𝐬 𝟗𝟎° = 𝟎

𝟐 Ƹ𝒊 ∙ Ƹ𝒊 − 𝟑𝒚 Ƹ𝒋 ∙ Ƹ𝒋 + 𝟒 ෡𝒌 ∙ ෡𝒌 = 𝟎

𝟐 − 𝟑𝒚 + 𝟒 = 𝟎

𝒚 = 𝟐



= 𝒂 𝒃 𝐬𝐢𝐧 𝜽 ෝ𝒏

𝒂

𝒃

Vector / Cross Product of Two Vectors

Non Zero Vectors

𝒂 × 𝒃

Cross

𝜽

ෝ𝒏

−ෝ𝒏

𝒃 × 𝒂 = 𝒃 𝒂 𝐬𝐢𝐧 𝜽 −ෝ𝒏

𝒂 × 𝒃 = 𝒂 𝒃 𝐬𝐢𝐧 𝜽

𝐬𝐢𝐧 𝜽 =
𝒂 × 𝒃

𝒂 𝒃
𝜽 = 𝐬𝐢𝐧−𝟏

𝒂 × 𝒃

𝒂 𝒃

𝒂 × 𝒃 = − 𝒃 × 𝒂

𝒂 × 𝒃 = 𝒃 × 𝒂

ෝ𝒏 = −ෝ𝒏 = 𝟏

𝟎 ≤ 𝜽 ≤ 𝝅



𝒂

𝒃

𝒂

𝒃

𝒂 × 𝒃 = 𝒂 𝒃 𝐬𝐢𝐧 𝟎 ෝ𝒏

Observations

𝜽 = 𝟎

𝒃

𝒂 × 𝒃 = 𝟎 𝒂 × 𝒃 = 𝟎

𝜽 = 𝝅

𝒂 × 𝒃 = 𝒂 𝒃 𝐬𝐢𝐧 𝝅 ෝ𝒏

𝒂 × 𝒃 = 𝟎 𝒂 × 𝒃 = 𝟎

𝒂

𝒂 × 𝒃 = 𝒂 𝒃 𝐬𝐢𝐧
𝝅

𝟐
ෝ𝒏

𝒂 × 𝒃 = 𝒂 𝒃 ෝ𝒏 𝒂 × 𝒃 = 𝒂 𝒃

ෝ𝒏



Ex. Let the vectors 𝒂 and 𝒃 be such that 𝒂 = 𝟑 and 𝒃 =
𝟐

𝟑
 , then 𝒂 × 𝒃

  is a unit vector, if the angle between 𝒂 and 𝒃 is 

 (A)
𝝅

𝟔
  (B)

𝝅

𝟒
  (C)

𝝅

𝟑
  (D)

𝝅

𝟐

Sol.



Ex. Let the vectors 𝒂 and 𝒃 be such that 𝒂 = 𝟑 and 𝒃 =
𝟐

𝟑
 , then 𝒂 × 𝒃

  is a unit vector, if the angle between 𝒂 and 𝒃 is 

 (A)
𝝅

𝟔
  (B)

𝝅

𝟒
  (C)

𝝅

𝟑
  (D)

𝝅

𝟐

𝒂 × 𝒃 = 𝒂 𝒃 𝐬𝐢𝐧 𝜽 ෝ𝒏 𝒂 × 𝒃 = 𝟏

⟹ 𝒂 × 𝒃 = 𝒂 𝒃 𝐬𝐢𝐧 𝜽

⟹ 𝟏 = 𝟑 ×
𝟐

𝟑
𝐬𝐢𝐧 𝜽

⟹ 𝐬𝐢𝐧 𝜽 =
𝟏

𝟐
= 𝐬𝐢𝐧

𝝅

𝟒
𝜽 =

𝝅

𝟒

Sol.

⟹



𝒂

= 𝒂 𝒂 𝐬𝐢𝐧 𝟎° ෝ𝒏𝒂 × 𝒂 = 𝟎

𝒂 × 𝒂 = 𝟎

𝑿

𝒀

𝒁

𝑶Ƹ𝒊

Ƹ𝒋

෡𝒌

Ƹ𝒊 × Ƹ𝒊 = 𝟏 × 𝟏 𝐬𝐢𝐧 𝟎 ° ෝ𝒏𝟏

Ƹ𝒋 × Ƹ𝒋 = 𝟏 × 𝟏 𝐬𝐢𝐧 𝟎 ° ෝ𝒏𝟐

෡𝒌 × ෡𝒌 = 𝟏 × 𝟏 𝐬𝐢𝐧 𝟎 ° ෝ𝒏𝟑

Ƹ𝒊 = Ƹ𝒋 = ෡𝒌 = 𝟏

= 𝟎

= 𝟎

= 𝟎

Ƹ𝒊 × Ƹ𝒊 = Ƹ𝒋 × Ƹ𝒋 = ෡𝒌 × ෡𝒌 = 𝟎

𝒂

𝒃

𝟗𝟎°

= 𝒂 𝒃 𝐬𝐢𝐧 𝟗𝟎° ෝ𝒏𝒂 × 𝒃 = 𝒂 𝒃 ෝ𝒏

Ƹ𝒊 × Ƹ𝒋 = 𝟏 × 𝟏 𝐬𝐢𝐧 𝟗𝟎° ෝ𝒏𝟏

Ƹ𝒋 × ෡𝒌 = 𝟏 × 𝟏 𝐬𝐢𝐧 𝟗𝟎° ෝ𝒏𝟐

෡𝒌 × Ƹ𝒊 = 𝟏 × 𝟏 𝐬𝐢𝐧 𝟗𝟎° ෝ𝒏𝟑

= ෡𝒌

= Ƹ𝒊

= Ƹ𝒋

Ƹ𝒊 × Ƹ𝒋 = ෡𝒌

Ƹ𝒋 × ෡𝒌 = Ƹ𝒊

෡𝒌 × Ƹ𝒊 = Ƹ𝒋

𝒂 × 𝒂 = 𝟎

Ƹ𝒊 × Ƹ𝒊 = Ƹ𝒋 × Ƹ𝒋 = ෡𝒌 × ෡𝒌 = 𝟎

ෝ𝒏



෡𝒌 Ƹ𝒋

Ƹ𝒊

Ƹ𝒊 × Ƹ𝒋 = ෡𝒌

Ƹ𝒋 × ෡𝒌 = Ƹ𝒊

෡𝒌 × Ƹ𝒊 = Ƹ𝒋

Ƹ𝒋 × Ƹ𝒊 = −෡𝒌

෡𝒌 × Ƹ𝒋 = − Ƹ𝒊

Ƹ𝒊 × ෡𝒌 = − Ƹ𝒋

Distributive Property

𝒂 × 𝒃 + 𝒄 = 𝒂 × 𝒃 + 𝒂 × 𝒄 𝝀 𝒂 × 𝒃 = 𝝀𝒂 × 𝒃 = 𝒂 × 𝝀𝒃

𝝀 → Scalar



Q. Find 𝝀 and 𝝁 if 𝟐 Ƹ𝒊 + 𝟔 Ƹ𝒋 + 𝟐𝟕෡𝒌 × Ƹ𝒊 + 𝝀 Ƹ𝒋 + 𝝁෡𝒌 = 𝟎 .

Sol.



Q. Find 𝝀 and 𝝁 if 𝟐 Ƹ𝒊 + 𝟔 Ƹ𝒋 + 𝟐𝟕෡𝒌 × Ƹ𝒊 + 𝝀 Ƹ𝒋 + 𝝁෡𝒌 = 𝟎 .

𝝁 =
𝟐𝟕

𝟐
𝝀𝟐 = 𝟑

Sol.

𝟐 Ƹ𝒊 + 𝟔 Ƹ𝒋 + 𝟐𝟕෡𝒌 × Ƹ𝒊 + 𝝀 Ƹ𝒋 + 𝝁෡𝒌 =
Ƹ𝒊 Ƹ𝒋 ෡𝒌

𝟐 𝟔 𝟐𝟕
𝟏 𝝀 𝝁

 

=
𝟔 𝟐𝟕
𝝀 𝝁

Ƹ𝒊 +
𝟐𝟕 𝟐
𝝁 𝟏

Ƹ𝒋 +
𝟐 𝟔
𝟏 𝝀

෡𝒌 

= 𝟔𝝁 − 𝟐𝟕𝝀 Ƹ𝒊 + 𝟐𝟕 − 𝟐𝝁 Ƹ𝒋 + 𝟐𝝀𝟐 − 𝟔 ෡𝒌𝟎 Ƹ𝒊 + 𝟎 Ƹ𝒋 + 𝟎෡𝒌

𝟎 Ƹ𝒊 + 𝟎 Ƹ𝒋 + 𝟎෡𝒌

𝟎 = 𝟔𝝁 − 𝟐𝟕𝝀 𝟎 = 𝟐𝟕 − 𝟐𝝁 𝟎 = 𝟐𝝀𝟐 − 𝟔

𝟐𝝁 = 𝟐𝟕 𝟐𝝀𝟐 = 𝟔𝑹𝑯𝑺 = 𝟔 ×
𝟐𝟕

𝟐
− 𝟐𝟕 × 𝟑

𝑹𝑯𝑺 = 𝟎 = 𝑳𝑯𝑺



𝒂

𝒃

−𝒃

𝑨 𝑩

𝑪

𝑪′

−ෝ𝒏

ෝ𝒏

Q. Find a unit vector perpendicular to each of the vector 𝒂 + 𝒃 and

 𝒂 − 𝒃 , where 𝒂 = 𝟑 Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟐෡𝒌 and 𝒃 = Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟐෡𝒌 . 

Sol.



𝒂

𝒃

−𝒃

𝑨 𝑩

𝑪

𝑪′

−ෝ𝒏

ෝ𝒏

Q. Find a unit vector perpendicular to each of the vector 𝒂 + 𝒃 and

 𝒂 − 𝒃 , where 𝒂 = 𝟑 Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟐෡𝒌 and 𝒃 = Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟐෡𝒌 . 

Sol. 𝒂 = 𝟑 Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟐෡𝒌 𝒃 = Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟐෡𝒌

𝒂 + 𝒃 = 𝟑 Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟐෡𝒌 + Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟐෡𝒌 = 𝟒 Ƹ𝒊 + 𝟒 Ƹ𝒋

𝒂 − 𝒃 = 𝟑 Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟐෡𝒌 − Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟐෡𝒌 = 𝟐 Ƹ𝒊 + 𝟒෡𝒌

𝒂 + 𝒃 × 𝒂 − 𝒃 =
Ƹ𝒊 Ƹ𝒋 ෡𝒌

𝟒 𝟒 𝟎
𝟐 𝟎 𝟒

 

=
𝟒 𝟎
𝟎 𝟒

Ƹ𝒊 +
𝟎 𝟒
𝟒 𝟐

Ƹ𝒋 +
𝟒 𝟒
𝟐 𝟎

෡𝒌 

= 𝟏𝟔 Ƹ𝒊 − 𝟏𝟔 Ƹ𝒋 − 𝟖෡𝒌𝒂 + 𝒃 × 𝒂 − 𝒃



𝒂

𝒃

−𝒃

𝑨 𝑩

𝑪

𝑪′

−ෝ𝒏

ෝ𝒏

Q. Find a unit vector perpendicular to each of the vector 𝒂 + 𝒃 and

 𝒂 − 𝒃 , where 𝒂 = 𝟑 Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟐෡𝒌 and 𝒃 = Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟐෡𝒌 . 

Sol.

= 𝟏𝟔 Ƹ𝒊 − 𝟏𝟔 Ƹ𝒋 − 𝟖෡𝒌𝒂 + 𝒃 × 𝒂 − 𝒃 = 𝒏

𝒏 = 𝟏𝟔𝟐 + −𝟏𝟔 𝟐 + −𝟖 𝟐

𝒏 = 𝟐𝟒

ෝ𝒏 =
𝒏

𝒏
=

𝟏𝟔 Ƹ𝒊 − 𝟏𝟔 Ƹ𝒋 − 𝟖෡𝒌 

𝟐𝟒 

ෝ𝒏 =
𝟐

𝟑
Ƹ𝒊 −

𝟐

𝟑
Ƹ𝒋 −

𝟏

𝟑
෡𝒌 −ෝ𝒏 = −

𝟐

𝟑
Ƹ𝒊 +

𝟐

𝟑
Ƹ𝒋 +

𝟏

𝟑
෡𝒌



Summary
Scalar Product

𝒂

𝒃

𝜽

𝐜𝐨𝐬 𝜽 =
𝒂 ∙ 𝒃

𝒂 𝒃

𝒂 ∙ 𝒃 = 𝒂 𝒃 𝐜𝐨𝐬 𝜽

Ƹ𝒊 ∙ Ƹ𝒊 = Ƹ𝒋 ∙ Ƹ𝒋 = ෡𝒌 ∙ ෡𝒌 = 𝟏

Ƹ𝒊 ∙ Ƹ𝒋 = Ƹ𝒋 ∙ ෡𝒌 = ෡𝒌 ∙ Ƹ𝒊 = 𝟎

Vector Product

𝒃 ∙ 𝒂 = 𝒂 ∙ 𝒃

𝒂 ∙ 𝒃 + 𝒄 = 𝒂 ∙ 𝒃 + 𝒂 ∙ 𝒄

𝝀𝒂 ∙ 𝒃 = 𝝀 𝒂 ∙ 𝒃 = 𝒂 ∙ (𝝀𝒃)

𝒂 × 𝒃 = 𝒂 𝒃 𝐬𝐢𝐧 𝜽 ෝ𝒏

𝒃 × 𝒂 = 𝒃 𝒂 𝐬𝐢𝐧 𝜽 −ෝ𝒏

𝒂 × 𝒃 = − 𝒃 × 𝒂

𝒂 × 𝒃 = 𝒃 × 𝒂

𝐬𝐢𝐧 𝜽 =
𝒂 × 𝒃

𝒂 𝒃

Ƹ𝒊 × Ƹ𝒊 = Ƹ𝒋 × Ƹ𝒋 = ෡𝒌 × ෡𝒌 = 𝟎

Ƹ𝒊 × Ƹ𝒋 = ෡𝒌 Ƹ𝒋 × ෡𝒌 = Ƹ𝒊 ෡𝒌 × Ƹ𝒊 = Ƹ𝒋

𝜽

ෝ𝒏

−ෝ𝒏



𝑿

𝒀

𝑶

Two Dimensional Space

𝑷 𝒙𝟏, 𝒚𝟏 𝑸 𝒙𝟐, 𝒚𝟐

𝑷

𝑸

𝑷𝑸 = 𝒙𝟐 − 𝒙𝟏
𝟐 + 𝒚𝟐 − 𝒚𝟏

𝟐

𝑹

𝑹 𝒙𝟏, 𝒚𝟐

𝑹𝑸 = 𝒙𝟐 − 𝒙𝟏

𝑷𝑹 = 𝒚𝟐 − 𝒚𝟏



`

Three Dimensional Space

𝑷 𝒙𝟏, 𝒚𝟏, 𝒛𝟏

𝑿
𝒀

𝒁

𝑶

𝑸 𝒙𝟐, 𝒚𝟐, 𝒛𝟐

𝑩  𝒙𝟐, 𝒚𝟐, 𝒛𝟏

𝑪

𝑫

𝑬

𝑭

𝑷 𝒙𝟏, 𝒚𝟏, 𝒛𝟏
𝑸 𝒙𝟐, 𝒚𝟐, 𝒛𝟐



𝑸 𝒙𝟐, 𝒚𝟐, 𝒛𝟐𝑷 𝒙𝟏, 𝒚𝟏, 𝒛𝟏

Three Dimensional Space

𝑷 𝒙𝟏, 𝒚𝟏, 𝒛𝟏

𝑿
𝒀

𝒁

𝑶

𝑸 𝒙𝟐, 𝒚𝟐, 𝒛𝟐

𝑩  𝒙𝟐, 𝒚𝟐, 𝒛𝟏

𝑪

𝑫

𝑬

𝑭∆𝑷𝑨𝑩 𝑷𝑨 = 𝒙𝟐 − 𝒙𝟏 𝑨𝑩 = 𝒚𝟐 − 𝒚𝟏

𝑷𝑩𝟐 = 𝑷𝑨𝟐 + 𝑨𝑩𝟐

∆𝑷𝑩𝑸 𝑩𝑸 = 𝒛𝟐 − 𝒛𝟏

𝑷𝑸𝟐 = 𝑷𝑩𝟐 + 𝑩𝑸𝟐

⇒ 𝑷𝑸𝟐 = 𝒙𝟐 − 𝒙𝟏
𝟐 + 𝒚𝟐 − 𝒚𝟏

𝟐

+ 𝒛𝟐 − 𝒛𝟏
𝟐

⇒ 𝑷𝑸𝟐 = 𝒙𝟐 − 𝒙𝟏
𝟐 + 𝒚𝟐 − 𝒚𝟏

𝟐 + 𝒛𝟐 − 𝒛𝟏
𝟐

𝑷𝑸 = 𝒙𝟐 − 𝒙𝟏
𝟐 + 𝒚𝟐 − 𝒚𝟏

𝟐 + 𝒛𝟐 − 𝒛𝟏
𝟐

⇒  𝑷𝑸𝟐 = 𝑷𝑨𝟐 + 𝑨𝑩𝟐 + 𝑩𝑸𝟐



Three Dimensional Space
𝑶 𝟎, 𝟎, 𝟎 𝑷 𝒙, 𝒚, 𝒛

𝑶𝑷 = 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐

𝑿

𝒀

𝒁

𝑶
𝒙

𝒚

𝒛

𝑨

𝑩

𝑪

𝑫

𝑬

𝑭 𝑷 𝒙, 𝒚, 𝒛
𝑨 ≡ 𝒙, 𝟎, 𝟎

𝑩 ≡ 𝟎, 𝒚, 𝟎

𝑪 ≡ 𝟎, 𝟎, 𝒛

𝑫 ≡ 𝒙, 𝒚, 𝟎

𝑬 ≡ 𝟎, 𝒚, 𝒛

𝑭 ≡ 𝒙, 𝟎, 𝒛

𝑷𝑨 = 𝒚𝟐 + 𝒛𝟐

𝑷𝑩 = 𝒙𝟐 + 𝒛𝟐

𝑷𝑪 = 𝒙𝟐 + 𝒚𝟐

𝑷𝑫 = 𝒛𝟐 = 𝒛

𝑷𝑬 = 𝒙𝟐 = 𝒙

𝑷𝑭 = 𝒚𝟐 = 𝒚 𝑷𝑸 = 𝒙𝟐 − 𝒙𝟏
𝟐 + 𝒚𝟐 − 𝒚𝟏

𝟐 + 𝒛𝟐 − 𝒛𝟏
𝟐



Q. Find the distance between the following pairs of points:
 (i) 𝟐, 𝟑, 𝟓  and 𝟒, 𝟑, 𝟏  (ii) −𝟏, 𝟑, −𝟒  and 𝟏, −𝟑, 𝟒

Sol. 𝑷 𝒙𝟏, 𝒚𝟏, 𝒛𝟏 𝑸 𝒙𝟐, 𝒚𝟐, 𝒛𝟐

(i) 𝑷 𝟐, 𝟑, 𝟓  and 𝑸 𝟒, 𝟑, 𝟏

𝒙𝟏 = 𝟐, 𝒚𝟏 = 𝟑, 𝒛𝟏 = 𝟓

𝒙𝟐 = 𝟒, 𝒚𝟐 = 𝟑, 𝒛𝟐 = 𝟏

𝑷𝑸 = 𝟒 − 𝟐 𝟐 + 𝟑 − 𝟑 𝟐 + 𝟏 − 𝟓 𝟐

= 𝟐 𝟐 + 𝟎 𝟐 + −𝟒 𝟐

= 𝟒 + 𝟎 + 𝟏𝟔

= 𝟐𝟎

= 𝟐 𝟓

𝑷𝑸 = 𝒙𝟐 − 𝒙𝟏
𝟐 + 𝒚𝟐 − 𝒚𝟏

𝟐 + 𝒛𝟐 − 𝒛𝟏
𝟐

(ii) 𝑷 −𝟏, 𝟑, −𝟒  and 𝑸 𝟏, −𝟑, 𝟒

𝒙𝟏 = −𝟏, 𝒚𝟏 = 𝟑, 𝒛𝟏 = −𝟒

𝒙𝟐 = 𝟏, 𝒚𝟐 = −𝟑, 𝒛𝟐 = 𝟒

= 𝟏 − −𝟏
𝟐

+ −𝟑 − 𝟑 𝟐 + 𝟒 − −𝟒
𝟐

= 𝟐 𝟐 + −𝟔 𝟐 + 𝟖 𝟐

= 𝟒 + 𝟑𝟔 + 𝟔𝟒

= 𝟏𝟎𝟒 = 𝟐 𝟐𝟔

𝑷𝑸



Q. Show that the points −𝟐, 𝟑, 𝟓 , 𝟏, 𝟐, 𝟑  and 𝟕, 𝟎, −𝟏  are collinear.

Sol. 𝑷 −𝟐, 𝟑, 𝟓 𝑸 𝟏, 𝟐, 𝟑 𝑹 𝟕, 𝟎, −𝟏



Q. Show that the points −𝟐, 𝟑, 𝟓 , 𝟏, 𝟐, 𝟑  and 𝟕, 𝟎, −𝟏  are collinear.

Sol. (NCERT(11) – Ex. 12.2 – Q2) 𝑷 −𝟐, 𝟑, 𝟓 𝑸 𝟏, 𝟐, 𝟑 Collinear if they lie on same line

𝑷𝑸 = 𝟏 − −𝟐
𝟐

+ 𝟐 − 𝟑 𝟐 + 𝟑 − 𝟓 𝟐

𝑹 𝟕, 𝟎, −𝟏

= 𝟑 𝟐 + −𝟏 𝟐 + −𝟐 𝟐

= 𝟗 + 𝟏 + 𝟒

= 𝟏𝟒

𝑸𝑹 = 𝟕 − 𝟏 𝟐 + 𝟎 − 𝟐 𝟐 + −𝟏 − 𝟑 𝟐

= 𝟔 𝟐 + −𝟐 𝟐 + −𝟒 𝟐

= 𝟑𝟔 + 𝟒 + 𝟏𝟔

= 𝟓𝟔

= 𝟐 𝟏𝟒

𝑷𝑹

= 𝟕 − −𝟐
𝟐

+ 𝟎 − 𝟑 𝟐 + −𝟏 − 𝟓 𝟐

= 𝟗 𝟐 + −𝟑 𝟐 + −𝟔 𝟐

= 𝟖𝟏 + 𝟗 + 𝟑𝟔

= 𝟏𝟐𝟔

= 𝟑 𝟏𝟒

𝑷𝑸 + 𝑸𝑹 = 𝟏𝟒 + 𝟐 𝟏𝟒 = 𝟑 𝟏𝟒

𝑷𝑸 + 𝑸𝑹 = 𝑷𝑹



Q. Verify that points −𝟏, 𝟐, 𝟏 , 𝟏, −𝟐, 𝟓 , 𝟒, −𝟕, 𝟖  and 𝟐, −𝟑, 𝟒  are the 
vertices of a parallelogram.

Sol. 𝑷 −𝟏, 𝟐, 𝟏 𝑸 𝟏, −𝟐, 𝟓

𝑷𝑸 = 𝑹𝑺

𝑷𝑸 = 𝟏 − −𝟏
𝟐

+ −𝟐 − 𝟐 𝟐 + 𝟓 − 𝟏 𝟐

𝑹 𝟒, −𝟕, 𝟖 𝑺 𝟐, −𝟑, 𝟒

𝑷 𝑸

𝑺 𝑹

𝑺𝑷 = 𝑸𝑹

= 𝟐 𝟐 + −𝟒 𝟐 + 𝟒 𝟐

= 𝟒 + 𝟏𝟔 + 𝟏𝟔

= 𝟑𝟔

= 𝟔



Q. Verify that points −𝟏, 𝟐, 𝟏 , 𝟏, −𝟐, 𝟓 , 𝟒, −𝟕, 𝟖  and 𝟐, −𝟑, 𝟒  are the 
vertices of a parallelogram.

Sol. 𝑷 −𝟏, 𝟐, 𝟏 𝑸 𝟏, −𝟐, 𝟓

𝑷𝑸 = 𝑹𝑺

𝑷𝑸 = 𝟏 − −𝟏
𝟐

+ −𝟐 − 𝟐 𝟐 + 𝟓 − 𝟏 𝟐

𝑹 𝟒, −𝟕, 𝟖 𝑺 𝟐, −𝟑, 𝟒

𝑷 𝑸

𝑺 𝑹

𝑺𝑷 = 𝑸𝑹= 𝟔

𝑸𝑹 = 𝟒 − 𝟏 𝟐 + −𝟕 − −𝟐
𝟐

+ 𝟖 − 𝟓 𝟐

= 𝟑 𝟐 + −𝟓 𝟐 + 𝟑 𝟐

= 𝟗 + 𝟐𝟓 + 𝟗

= 𝟒𝟑

= 𝟒𝟑



Q. Verify that points −𝟏, 𝟐, 𝟏 , 𝟏, −𝟐, 𝟓 , 𝟒, −𝟕, 𝟖  and 𝟐, −𝟑, 𝟒  are the 
vertices of a parallelogram.

Sol. 𝑷 −𝟏, 𝟐, 𝟏 𝑸 𝟏, −𝟐, 𝟓

𝑷𝑸 = 𝑹𝑺

𝑷𝑸 = 𝟏 − −𝟏
𝟐

+ −𝟐 − 𝟐 𝟐 + 𝟓 − 𝟏 𝟐

𝑹 𝟒, −𝟕, 𝟖 𝑺 𝟐, −𝟑, 𝟒

𝑷 𝑸

𝑺 𝑹

𝑺𝑷 = 𝑸𝑹= 𝟔

𝑸𝑹 = 𝟒 − 𝟏 𝟐 + −𝟕 − −𝟐
𝟐

+ 𝟖 − 𝟓 𝟐 = 𝟒𝟑

𝑹𝑺 = 𝟐 − 𝟒 𝟐 + −𝟑 − −𝟕
𝟐

+ 𝟒 − 𝟖 𝟐

= −𝟐 𝟐 + 𝟒 𝟐 + −𝟒 𝟐

= 𝟒 + 𝟏𝟔 + 𝟏𝟔

= 𝟑𝟔

= 𝟔



Q. Verify that points −𝟏, 𝟐, 𝟏 , 𝟏, −𝟐, 𝟓 , 𝟒, −𝟕, 𝟖  and 𝟐, −𝟑, 𝟒  are the 
vertices of a parallelogram.

Sol. 𝑷 −𝟏, 𝟐, 𝟏 𝑸 𝟏, −𝟐, 𝟓

𝑷𝑸 = 𝑹𝑺

𝑷𝑸 = 𝟏 − −𝟏
𝟐

+ −𝟐 − 𝟐 𝟐 + 𝟓 − 𝟏 𝟐

𝑹 𝟒, −𝟕, 𝟖 𝑺 𝟐, −𝟑, 𝟒

𝑷 𝑸

𝑺 𝑹

𝑺𝑷 = 𝑸𝑹= 𝟔

𝑸𝑹 = 𝟒 − 𝟏 𝟐 + −𝟕 − −𝟐
𝟐

+ 𝟖 − 𝟓 𝟐 = 𝟒𝟑

𝑹𝑺 = 𝟐 − 𝟒 𝟐 + −𝟑 − −𝟕
𝟐

+ 𝟒 − 𝟖 𝟐 = 𝟔

𝑺𝑷 = −𝟏 − 𝟐 𝟐 + 𝟐 − −𝟑
𝟐

+ 𝟏 − 𝟒 𝟐

= −𝟑 𝟐 + 𝟓 𝟐 + −𝟑 𝟐

= 𝟗 + 𝟐𝟓 + 𝟗

= 𝟒𝟑

= 𝟒𝟑

𝑷𝑸 = 𝑹𝑺

𝑺𝑷 = 𝑸𝑹



Q. Find the equation of the set of points which are equidistant from the 
points 𝟏, 𝟐, 𝟑  and 𝟑, 𝟐, −𝟏 .



Q. Find the equation of the set of points which are equidistant from the 
points 𝟏, 𝟐, 𝟑  and 𝟑, 𝟐, −𝟏 .

Sol. 𝑷 𝟏, 𝟐, 𝟑 𝑸 𝟑, 𝟐, −𝟏

𝑷 𝟏, 𝟐, 𝟑 𝑸 𝟑, 𝟐, −𝟏

𝑷𝑹 = 𝑸𝑹

𝒙 − 𝟏 𝟐 + 𝒚 − 𝟐 𝟐 + 𝒛 − 𝟑 𝟐

= 𝒙 − 𝟑 𝟐 + 𝒚 − 𝟐 𝟐 + 𝒛 − −𝟏
𝟐

𝒙 − 𝟏 𝟐 + 𝒚 − 𝟐 𝟐 + 𝒛 − 𝟑 𝟐 = 𝒙 − 𝟑 𝟐 + 𝒚 − 𝟐 𝟐 + 𝒛 − −𝟏
𝟐

⇒ 𝒙 − 𝟏 𝟐 + 𝒛 − 𝟑 𝟐 = 𝒙 − 𝟑 𝟐 + 𝒛 + 𝟏 𝟐

⇒ −𝟐𝒙 + 𝟔𝒙 − 𝟔𝒛 − 𝟐𝒛 = 𝟎

⇒ 𝟒𝒙 − 𝟖𝒛 = 𝟎 ⇒ 𝒙 − 𝟐𝒛 = 𝟎

⇒ 𝒙𝟐 − 𝟐𝒙 + 𝟏 + 𝒛𝟐 − 𝟔𝒛 + 𝟗 = 𝒙𝟐 − 𝟔𝒙 + 𝟗 + 𝒛𝟐 + 𝟐𝒛 + 𝟏

𝑴

𝑹 𝒙, 𝒚, 𝒛



𝑿

𝒀

𝑶

Two Dimensional Space

𝑷 𝒙𝟏, 𝒚𝟏 𝑸 𝒙𝟐, 𝒚𝟐

𝑷 𝒙𝟏, 𝒚𝟏

𝑸 𝒙𝟐, 𝒚𝟐

𝑹 𝒙, 𝒚

𝑹 𝒙, 𝒚 

𝒎 ∶ 𝒏 Internally

𝑹 ≡
𝒎𝒙𝟐 + 𝒏𝒙𝟏

𝒎 + 𝒏
,
𝒎𝒚𝟐 + 𝒏𝒚𝟏

𝒎 + 𝒏

𝒎

𝒏

𝒎 ∶ 𝒏 Externally

𝑹 ≡
𝒎𝒙𝟐 − 𝒏𝒙𝟏

𝒎 − 𝒏
,
𝒎𝒚𝟐 − 𝒏𝒚𝟏

𝒎 − 𝒏

𝑹 ∶ Mid-Point

𝑹 ≡
𝒙𝟐 + 𝒙𝟏

𝟐
,
𝒚𝟐 + 𝒚𝟏

𝟐

𝒎 = 𝒏 ⇒ 𝒎 ∶ 𝒏 = 𝟏 ∶ 𝟏



Three Dimensional Space

𝑷 𝒙𝟏, 𝒚𝟏, 𝒛𝟏

𝑿
𝒀

𝒁

𝑶

𝑸 𝒙𝟐, 𝒚𝟐, 𝒛𝟐

𝑷 𝒙𝟏, 𝒚𝟏, 𝒛𝟏

𝑸 𝒙𝟐, 𝒚𝟐, 𝒛𝟐

𝑹 𝒙, 𝒚, 𝒛

𝒎 ∶ 𝒏 Internally

𝑹 ≡
𝒎𝒙𝟐 + 𝒏𝒙𝟏

𝒎 + 𝒏
,
𝒎𝒚𝟐 + 𝒏𝒚𝟏

𝒎 + 𝒏
,
𝒎𝒛𝟐 + 𝒏𝒛𝟏

𝒎 + 𝒏 𝒎

𝒏

𝒎 ∶ 𝒏 Externally

𝑹 ≡
𝒎𝒙𝟐 − 𝒏𝒙𝟏

𝒎 − 𝒏
,
𝒎𝒚𝟐 − 𝒏𝒚𝟏

𝒎 − 𝒏
,
𝒎𝒛𝟐 − 𝒏𝒛𝟏

𝒎 − 𝒏

𝑹 ∶ Mid-Point

𝑹 ≡
𝒙𝟐 + 𝒙𝟏

𝟐
,
𝒚𝟐 + 𝒚𝟏

𝟐
,
𝒛𝟐 + 𝒛𝟏

𝟐

𝒎 ∶ 𝒏 = 𝟏 ∶ 𝟏

𝑹 𝒙, 𝒚, 𝒛



Three Dimensional Space

𝑷 𝒙𝟏, 𝒚𝟏, 𝒛𝟏

𝑿
𝒀

𝒁

𝑶

𝑸 𝒙𝟐, 𝒚𝟐, 𝒛𝟐

𝑷 𝒙𝟏, 𝒚𝟏, 𝒛𝟏

𝑸 𝒙𝟐, 𝒚𝟐, 𝒛𝟐

𝑹 𝒙, 𝒚, 𝒛

The coordinates of the point 𝑹 
which divides 𝑷𝑸 in the ratio 𝒌 ∶  𝟏.

𝑹 ≡
𝒌𝒙𝟐 + 𝒙𝟏

𝒌 + 𝟏
,
𝒌𝒚𝟐 + 𝒚𝟏

𝒌 + 𝟏
,
𝒌𝒛𝟐 + 𝒛𝟏

𝒌 + 𝟏

𝒌

𝟏

𝑹 𝒙, 𝒚, 𝒛

𝒌 = +𝒗𝒆 Internally

𝒌 = −𝒗𝒆 Externally



Three Dimensional Space

𝑷 𝒙𝟏, 𝒚𝟏, 𝒛𝟏

𝑿
𝒀

𝒁

𝑶

𝑸 𝒙𝟐, 𝒚𝟐, 𝒛𝟐

𝑷 𝒙𝟏, 𝒚𝟏, 𝒛𝟏

𝑸 𝒙𝟐, 𝒚𝟐, 𝒛𝟐

𝑹 𝒙𝟑, 𝒚𝟑, 𝒛𝟑

𝑮 ∶ Centroid 

𝑹 𝒙𝟑, 𝒚𝟑, 𝒛𝟑

𝑮
𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑

𝟑
,
𝒚𝟏 + 𝒚𝟐 + 𝒚𝟑

𝟑
,
𝒛𝟏 + 𝒛𝟐 + 𝒛𝟑

𝟑

𝑮



Q. Find the coordinates of the point which divides the line segment 
joining the points −𝟐, 𝟑, 𝟓  and 𝟏, −𝟒, 𝟔  in the ratio 
(i) 𝟐 ∶ 𝟑 internally  (ii) 𝟐 ∶ 𝟑 externally.

Sol.

𝑷 −𝟐, 𝟑, 𝟓

𝑸 𝟏, −𝟒, 𝟔

𝑹 𝒙, 𝒚, 𝒛𝒎 = 𝟐

𝒏 = 𝟑



Q. Find the coordinates of the point which divides the line segment 
joining the points −𝟐, 𝟑, 𝟓  and 𝟏, −𝟒, 𝟔  in the ratio 
(i) 𝟐 ∶ 𝟑 internally  (ii) 𝟐 ∶ 𝟑 externally.

Sol. 𝑷 −𝟐, 𝟑, 𝟓 𝑸 𝟏, −𝟒, 𝟔

𝑷 −𝟐, 𝟑, 𝟓

𝑸 𝟏, −𝟒, 𝟔

(i) 𝟐 ∶ 𝟑 internally 

𝒙𝟏 = −𝟐, 𝒚𝟏 = 𝟑, 𝒛𝟏 = 𝟓
𝑹 𝒙, 𝒚, 𝒛𝒎 = 𝟐

𝒏 = 𝟑

𝑷 𝒙𝟏, 𝒚𝟏, 𝒛𝟏 𝑸 𝒙𝟐, 𝒚𝟐, 𝒛𝟐

𝑹
𝒎𝒙𝟐 + 𝒏𝒙𝟏

𝒎 + 𝒏
,
𝒎𝒚𝟐 + 𝒏𝒚𝟏

𝒎 + 𝒏
,
𝒎𝒛𝟐 + 𝒏𝒛𝟏

𝒎 + 𝒏

𝒙𝟐 = 𝟏, 𝒚𝟐 = −𝟒, 𝒛𝟐 = 𝟔

𝒙 =
𝟐 𝟏 + 𝟑 −𝟐

𝟐 + 𝟑
=

𝟐 − 𝟔

𝟓
= −

𝟒

𝟓

𝒚 =
𝟐 −𝟒 + 𝟑 𝟑

𝟐 + 𝟑
=

−𝟖 + 𝟗

𝟓
=

𝟏

𝟓

𝒛 =
𝟐 𝟔 + 𝟑 𝟓

𝟐 + 𝟑
=

𝟏𝟐 + 𝟏𝟓

𝟓
=

𝟐𝟕

𝟓

𝑹 −
𝟒

𝟓
,
𝟏

𝟓
,
𝟐𝟕

𝟓



Q. Find the coordinates of the point which divides the line segment 
joining the points −𝟐, 𝟑, 𝟓  and 𝟏, −𝟒, 𝟔  in the ratio 
(i) 𝟐 ∶ 𝟑 internally  (ii) 𝟐 ∶ 𝟑 externally.

Sol. 𝑷 −𝟐, 𝟑, 𝟓 𝑸 𝟏, −𝟒, 𝟔

𝑷 −𝟐, 𝟑, 𝟓

𝑸 𝟏, −𝟒, 𝟔

(ii) 𝟐 ∶ 𝟑 externally 
𝒙𝟏 = −𝟐, 𝒚𝟏 = 𝟑, 𝒛𝟏 = 𝟓

𝑹 𝒙, 𝒚, 𝒛

𝑷 𝒙𝟏, 𝒚𝟏, 𝒛𝟏 𝑸 𝒙𝟐, 𝒚𝟐, 𝒛𝟐

𝑹
𝒎𝒙𝟐 − 𝒏𝒙𝟏

𝒎 − 𝒏
,
𝒎𝒚𝟐 − 𝒏𝒚𝟏

𝒎 − 𝒏
,
𝒎𝒛𝟐 − 𝒏𝒛𝟏

𝒎 − 𝒏

𝒙𝟐 = 𝟏, 𝒚𝟐 = −𝟒, 𝒛𝟐 = 𝟔

𝒙 =
𝟐 𝟏 − 𝟑 −𝟐

𝟐 − 𝟑
=

𝟐 + 𝟔

−𝟏
= −𝟖

𝒚 =
𝟐 −𝟒 − 𝟑 𝟑

𝟐 − 𝟑
=

−𝟖 − 𝟗

−𝟏
= 𝟏𝟕

𝒛 =
𝟐 𝟔 − 𝟑 𝟓

𝟐 − 𝟑
=

𝟏𝟐 − 𝟏𝟓

−𝟏
= 𝟑

𝑹 −𝟖, 𝟏𝟕, 𝟑



Summary
For points 𝑷 𝒙𝟏, 𝒚𝟏, 𝒛𝟏  and 𝑸 𝒙𝟐, 𝒚𝟐, 𝒛𝟐

The coordinates of the centroid of the triangle, whose vertices are 
𝒙𝟏, 𝒚𝟏, 𝒛𝟏 , 𝒙𝟐, 𝒚𝟐, 𝒛𝟐  and 𝒙𝟑, 𝒚𝟑, 𝒛𝟑 , are

𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑

𝟑
,
𝒚𝟏 + 𝒚𝟐 + 𝒚𝟑

𝟑
,
𝒛𝟏 + 𝒛𝟐 + 𝒛𝟑

𝟑

Distance 𝑷𝑸 = 𝒙𝟐 − 𝒙𝟏
𝟐 + 𝒚𝟐 − 𝒚𝟏

𝟐 + 𝒛𝟐 − 𝒛𝟏
𝟐

Coordinates 
of the point 𝑹 

Divides internally 
in the ratio 𝒎 ∶ 𝒏

𝒎𝒙𝟐 + 𝒏𝒙𝟏

𝒎 + 𝒏
,
𝒎𝒚𝟐 + 𝒏𝒚𝟏

𝒎 + 𝒏
,
𝒎𝒛𝟐 + 𝒏𝒛𝟏

𝒎 + 𝒏

Divides externally 
in the ratio 𝒎 ∶ 𝒏

𝒎𝒙𝟐 − 𝒏𝒙𝟏

𝒎 − 𝒏
,
𝒎𝒚𝟐 − 𝒏𝒚𝟏

𝒎 − 𝒏
,
𝒎𝒛𝟐 − 𝒏𝒛𝟏

𝒎 − 𝒏

Mid-point 
𝒙𝟐 + 𝒙𝟏

𝟐
,
𝒚𝟐 + 𝒚𝟏

𝟐
,
𝒛𝟐 + 𝒛𝟏

𝟐



Equation of a 3D line

• 𝒓 = − Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟓෡𝒌 + 𝝀 −𝟑 Ƹ𝒊 + Ƹ𝒋 + 𝟓෡𝒌  

• Passing through point − Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟓෡𝒌

• And

• Parallel to the line −𝟑 Ƹ𝒊 + Ƹ𝒋 + 𝟓෡𝒌



Sol. 𝑳𝟏 ∶ 𝒓 = − Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟓෡𝒌 + 𝝀 −𝟑 Ƹ𝒊 + Ƹ𝒋 + 𝟓෡𝒌

𝑨 −𝟏, 𝟐, 𝟓

Q. Show that the lines 𝒓 = − Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟓෡𝒌 + 𝝀 −𝟑 Ƹ𝒊 + Ƹ𝒋 + 𝟓෡𝒌  

and 𝒓 = −𝟑 Ƹ𝒊 + Ƹ𝒋 + 𝟓෡𝒌 + 𝝀 − Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟓෡𝒌  are coplanar.

𝑫𝑹′𝒔 → −𝟑, 𝟏, 𝟓

𝒙𝟏 = −𝟏, 𝒚𝟏 = 𝟐, 𝒛𝟏 = 𝟓
𝒙𝟐 − 𝒙𝟏 𝒚𝟐 − 𝒚𝟏 𝒛𝟐 − 𝒛𝟏

𝒂𝟏 𝒃𝟏 𝒄𝟏

𝒂𝟐 𝒃𝟐 𝒄𝟐

= 𝟎

𝒂𝟐 − 𝒂𝟏 ∙ 𝒒𝟏 × 𝒒𝟐 = 𝟎

𝒂𝟏 = −𝟑, 𝒃𝟏 = 𝟏, 𝒄𝟏 = 𝟓

𝑳𝟐 ∶ 𝒓 = −𝟑 Ƹ𝒊 + Ƹ𝒋 + 𝟓෡𝒌 + 𝝀 − Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟓෡𝒌

𝑩 −𝟑, 𝟏, 𝟓 𝑫𝑹′𝒔 → −𝟏, 𝟐, 𝟓

𝒙𝟐 = −𝟑, 𝒚𝟐 = 𝟏, 𝒛𝟐 = 𝟓

𝒂𝟐 = −𝟏, 𝒃𝟐 = 𝟐, 𝒄𝟐 = 𝟓

−𝟑 − −𝟏 𝟏 − 𝟐 𝟓 − 𝟓
−𝟑 𝟏 𝟓
−𝟏 𝟐 𝟓

=
−𝟐 −𝟏 𝟎
−𝟑 𝟏 𝟓
−𝟏 𝟐 𝟓

= −𝟐 𝟓 − 𝟏𝟎 − −𝟏 −𝟏𝟓 − −𝟓 + 𝟎

= 𝟏𝟎 − 𝟏𝟎 + 𝟎

= 𝟎



Sol.

Q. Find the distance of a point 𝟑, −𝟐, 𝟏  from the plane 
𝒓 ∙ −𝟐 Ƹ𝒊 + Ƹ𝒋 − 𝟐෡𝒌 = 𝟑



Sol.

Q. Find the distance of a point 𝟑, −𝟐, 𝟏  from the plane 
𝒓 ∙ −𝟐 Ƹ𝒊 + Ƹ𝒋 − 𝟐෡𝒌 = 𝟑

𝑨 𝟑, −𝟐, 𝟏

𝒂 = 𝟑 Ƹ𝒊 − 𝟐 Ƹ𝒋 + ෡𝒌

𝝅 ∶ 𝒓 ∙ −𝟐 Ƹ𝒊 + Ƹ𝒋 − 𝟐෡𝒌 = 𝟑

𝒅 = 𝟑

𝝅 ∶ 𝒓 ∙ 𝒏 = 𝒅

𝑨 𝒂

𝒂 ∙ 𝒏 − 𝒅

𝒏𝒏 = −𝟐 Ƹ𝒊 + Ƹ𝒋 − 𝟐෡𝒌

𝒂 ∙ 𝒏 = 𝟑 Ƹ𝒊 − 𝟐 Ƹ𝒋 + ෡𝒌 ∙ −𝟐 Ƹ𝒊 + Ƹ𝒋 − 𝟐෡𝒌

= −𝟔 − 𝟐 − 𝟐

= −𝟏𝟎

𝒏 = −𝟐 𝟐 + 𝟏𝟐 + −𝟐 𝟐 = 𝟑 

Distance =
−𝟏𝟎 − 𝟑

𝟑

Distance =
𝟏𝟑

𝟑



Sol.

Q. Find the distance of the point 𝟐, 𝟑, −𝟓  from the plane 𝒙 + 𝟐𝒚 − 𝟐𝒛 = 𝟗.



Sol.

Q. Find the distance of the point 𝟐, 𝟑, −𝟓  from the plane 𝒙 + 𝟐𝒚 − 𝟐𝒛 = 𝟗.

𝑷 𝟐, 𝟑, −𝟓

𝒙𝟏 = 𝟐, 𝒚𝟏 = 𝟑, 𝒛𝟏 = −𝟓

𝝅 ∶ 𝒙 + 𝟐𝒚 − 𝟐𝒛 = 𝟗

𝑨 = 𝟏, 𝑩 = 𝟐, 𝑪 = −𝟐, 𝑫 = 𝟗

𝒅 =
𝟏 𝟐 + 𝟐 𝟑 + −𝟐 −𝟓 − 𝟗

𝟏𝟐 + 𝟐𝟐 + −𝟐 𝟐

⇒ 𝒅 =
𝟐 + 𝟔 + 𝟏𝟎 − 𝟗

𝟏 + 𝟒 + 𝟒

𝝅 ∶ 𝑨𝒙 + 𝑩𝒚 + 𝑪𝒛 = 𝑫

𝑷 𝒙𝟏, 𝒚𝟏, 𝒛𝟏

𝒅 =
𝑨𝒙𝟏 + 𝑩𝒚𝟏 + 𝑪𝒛𝟏 − 𝑫

𝑨𝟏
𝟐 + 𝑩𝟏

𝟐 + 𝑪𝟏
𝟐

⇒ 𝒅 =
𝟗

𝟗

⇒ 𝒅 = 𝟑



𝝅𝟏

𝝅𝟐

𝒏𝟏 → Normal Vector of 𝝅𝟏 Plane

𝒏𝟐 → Normal Vector of 𝝅𝟐 Plane

Angle between the Planes 
 = Angle between the Normals

𝝅𝟏 ∶ 𝒓 ∙ 𝒏𝟏 = 𝒅𝟏

Cartesian Form

𝝅𝟐 ∶ 𝑨𝟐𝒙 + 𝑩𝟐𝒚 + 𝑪𝟐𝒛 + 𝑫𝟐 = 𝟎

𝑫𝑹′𝒔 → 𝑨𝟏, 𝑩𝟏, 𝑪𝟏𝝅𝟏 ∶ 𝑨𝟏𝒙 + 𝑩𝟏𝒚 + 𝑪𝟏𝒛 + 𝑫𝟏 = 𝟎

𝐜𝐨𝐬 𝜽 =
𝑨𝟏𝑨𝟐 + 𝑩𝟏𝑩𝟐 + 𝑪𝟏𝑪𝟐

𝑨𝟏
𝟐 + 𝑩𝟏

𝟐 + 𝑪𝟏
𝟐 𝑨𝟐

𝟐 + 𝑩𝟐
𝟐 + 𝑪𝟐

𝟐

𝒏𝟏𝒏𝟐

𝜽𝟏𝟖𝟎° − 𝜽

𝜽

𝑨

𝑩 𝑪

𝑫

𝟏𝟖𝟎° − 𝜽

𝝅𝟐 ∶ 𝒓 ∙ 𝒏𝟐 = 𝒅𝟐
𝐜𝐨𝐬 𝜽 =

𝒏𝟏 ∙ 𝒏𝟐

𝒏𝟏 𝒏𝟐

𝐏𝐞𝐫𝐩𝐞𝐧𝐝𝐢𝐜𝐮𝐥𝐚𝐫 ∶ 𝒏𝟏 ∙ 𝒏𝟐 = 𝟎 𝐏𝐚𝐫𝐚𝐥𝐥𝐞𝐥 ∶ 𝒏𝟏 = 𝝀𝒏𝟐

𝑫𝑹′𝒔 → 𝑨𝟐, 𝑩𝟐, 𝑪𝟐

𝐏𝐞𝐫𝐩𝐞𝐧𝐝𝐢𝐜𝐮𝐥𝐚𝐫 
𝑨𝟏𝑨𝟐 + 𝑩𝟏𝑩𝟐 + 𝑪𝟏𝑪𝟐 = 𝟎

𝐏𝐚𝐫𝐚𝐥𝐥𝐞𝐥 ∶
𝑨𝟏

𝑨𝟐
=

𝑩𝟏

𝑩𝟐
=

𝑪𝟏

𝑪𝟐



Sol. 𝝅𝟏 ∶ 𝒓 ∙ 𝟐 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟑෡𝒌 = 𝟓

Q. Find the angle between the planes whose vector equations are 
𝒓 ∙ 𝟐 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟑෡𝒌 = 𝟓 and 𝒓 ∙ 𝟑 Ƹ𝒊 − 𝟑 Ƹ𝒋 + 𝟓෡𝒌 = 𝟑.

𝒏𝟏 = 𝟐 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟑෡𝒌

𝝅𝟐 ∶ 𝒓 ∙ 𝟑 Ƹ𝒊 − 𝟑 Ƹ𝒋 + 𝟓෡𝒌 = 𝟑
𝝅𝟏 ∶ 𝒓 ∙ 𝒏𝟏 = 𝒅𝟏

𝝅𝟐 ∶ 𝒓 ∙ 𝒏𝟐 = 𝒅𝟐

𝐜𝐨𝐬 𝜽 =
𝒏𝟏 ∙ 𝒏𝟐

𝒏𝟏 𝒏𝟐

𝒏𝟐 = 𝟑 Ƹ𝒊 − 𝟑 Ƹ𝒋 + 𝟓෡𝒌

𝒏𝟏 ∙ 𝒏𝟐 = 𝟐 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟑෡𝒌 ∙ 𝟑 Ƹ𝒊 − 𝟑 Ƹ𝒋 + 𝟓෡𝒌

= 𝟔 − 𝟔 − 𝟏𝟓

= −𝟏𝟓

𝒏𝟏 = 𝟐𝟐 + 𝟐𝟐 + −𝟑 𝟐 = 𝟏𝟕 

𝒏𝟐 = 𝟑𝟐 + −𝟑 𝟐 + 𝟓𝟐 = 𝟒𝟑 

𝐜𝐨𝐬 𝜽 =
−𝟏𝟓

𝟏𝟕 𝟒𝟑

⇒ 𝐜𝐨𝐬 𝜽 =
𝟏𝟓

𝟕𝟑𝟏

𝜽 = 𝐜𝐨𝐬−𝟏
𝟏𝟓

𝟕𝟑𝟏



Sol.

Q. Find the angle between the two planes
𝟒𝒙 + 𝟖𝒚 + 𝒛 − 𝟖 = 𝟎 and 𝒚 + 𝒛 − 𝟒 = 𝟎.

𝝅𝟏 ∶ 𝟒𝒙 + 𝟖𝒚 + 𝒛 − 𝟖 = 𝟎

𝑨𝟏 = 𝟒, 𝑩𝟏 = 𝟖, 𝑪𝟏 = 𝟏

𝝅𝟐 ∶ 𝒚 + 𝒛 − 𝟒 = 𝟎

𝑨𝟐 = 𝟎, 𝑩𝟐 = 𝟏, 𝑪𝟐 = 𝟏

𝝅𝟏 ∶ 𝑨𝟏𝒙 + 𝑩𝟏𝒚 + 𝑪𝟏𝒛 + 𝑫𝟏 = 𝟎

𝝅𝟐 ∶ 𝑨𝟐𝒙 + 𝑩𝟐𝒚 + 𝑪𝟐𝒛 + 𝑫𝟐 = 𝟎

𝐜𝐨𝐬 𝜽 =
𝑨𝟏𝑨𝟐 + 𝑩𝟏𝑩𝟐 + 𝑪𝟏𝑪𝟐

𝑨𝟏
𝟐 + 𝑩𝟏

𝟐 + 𝑪𝟏
𝟐 𝑨𝟐

𝟐 + 𝑩𝟐
𝟐 + 𝑪𝟐

𝟐

⇒ 𝐜𝐨𝐬 𝜽 =
𝟗

𝟖𝟏 𝟐

⇒  𝜽 = 𝟒𝟓°

𝝅𝟐 ∶ 𝟎𝒙 + 𝒚 + 𝒛 − 𝟒 = 𝟎

𝐜𝐨𝐬 𝜽 =
𝟒 𝟎 + 𝟖 𝟏 + 𝟏 𝟏

𝟒𝟐 + 𝟖𝟐 + 𝟏𝟐 𝟎𝟐 + 𝟏𝟐 + 𝟏𝟐

⇒ 𝐜𝐨𝐬 𝜽 =
𝟏

𝟐

⇒ 𝜽 = 𝐜𝐨𝐬−𝟏
𝟏

𝟐



𝝅

The angle between a line and a plane is the complement 
of the angle between the line and normal to the plane.

𝝅 ∶ 𝒓 ∙ 𝒏 = 𝒅

⇒ 𝐬𝐢𝐧 𝝓 = 𝐬𝐢𝐧 𝟗𝟎° − 𝜽 𝒏

𝜽

𝑳

𝟗𝟎° − 𝜽

𝑳 ∶ 𝒓 = 𝒂 + 𝝀𝒒

𝐜𝐨𝐬 𝜽 =
𝒒 ∙ 𝒏

𝒒 𝒏

𝝓 → Angle between Line and Plane

𝝓 = 𝟗𝟎° − 𝜽

𝒒
⇒ 𝐬𝐢𝐧 𝝓 = 𝐜𝐨𝐬 𝜽

⇒ 𝐬𝐢𝐧 𝝓 =
𝒒 ∙ 𝒏

𝒒 𝒏

𝝓 = 𝐬𝐢𝐧−𝟏
𝒒 ∙ 𝒏

𝒒 𝒏



Sol. 𝑳 ∶
𝒙 − 𝟏

𝟏𝟎
=

𝒚 + 𝟐

𝟐
=

𝒛 − 𝟒

−𝟏𝟏

Q. Find the angle between the line
𝒙 − 𝟏

𝟏𝟎
=

𝒚 + 𝟐

𝟐
=

𝒛 − 𝟒

−𝟏𝟏

 and the plane 𝟐𝒙 + 𝟑𝒚 + 𝟔𝒛 − 𝟏𝟐 = 𝟎. 𝝓 = 𝐬𝐢𝐧−𝟏
𝒒 ∙ 𝒏

𝒒 𝒏

𝝅 ∶ 𝒓 ∙ 𝒏 = 𝒅𝑳 ∶ 𝒓 = 𝒂 + 𝝀𝒒

𝑫𝑹′𝒔 → 𝟏𝟎, 𝟐, −𝟏𝟏

𝒒 = 𝟏𝟎 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟏𝟏෡𝒌

𝝅 ∶ 𝟐𝒙 + 𝟑𝒚 + 𝟔𝒛 − 𝟏𝟐 = 𝟎

𝑫𝑹′𝒔 → 𝟐, 𝟑, 𝟔

𝒏 = 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 + 𝟔෡𝒌

𝒒 ∙ 𝒏 = 𝟏𝟎 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟏𝟏෡𝒌 ∙ 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 + 𝟔෡𝒌

= 𝟐𝟎 + 𝟔 − 𝟔𝟔

= −𝟒𝟎

𝒒 = 𝟏𝟎𝟐 + 𝟐𝟐 + −𝟏𝟏 𝟐 = 𝟏𝟓 

𝒏 = 𝟐𝟐 + 𝟑𝟐 + 𝟔𝟐 = 𝟕 

𝝓 = 𝐬𝐢𝐧−𝟏
−𝟒𝟎

𝟏𝟓 × 𝟕

𝝓 = 𝐬𝐢𝐧−𝟏
𝟖

𝟐𝟏

𝑳 ∶
𝒙 − 𝟏

𝟏𝟎
=

𝒚 − (−𝟐)

𝟐
=

𝒛 − 𝟒

−𝟏𝟏



Summary
➢ Two lines 𝒓 = 𝒂𝟏 + 𝝀𝒒𝟏 and 𝒓 = 𝒂𝟐 + 𝝀𝒒𝟐 are coplanar if

𝒂𝟐 − 𝒂𝟏 ∙ 𝒒𝟏 × 𝒒𝟐 = 𝟎

➢ Two lines 
𝒙 − 𝒙𝟏

𝒂𝟏
=

𝒚 − 𝒚𝟏

𝒃𝟏
=

𝒛 − 𝒛𝟏

𝒄𝟏
 and

𝒙 − 𝒙𝟐

𝒂𝟐
=

𝒚 − 𝒚𝟐

𝒃𝟐
=

𝒛 − 𝒛𝟐

𝒄𝟐
 are coplaner if

𝒙𝟐 − 𝒙𝟏 𝒚𝟐 − 𝒚𝟏 𝒛𝟐 − 𝒛𝟏

𝒂𝟏 𝒃𝟏 𝒄𝟏

𝒂𝟐 𝒃𝟐 𝒄𝟐

= 𝟎 

➢ If 𝜽 is the angle between the two planes 𝒓 ∙ 𝒏𝟏 = 𝒅𝟏 and 𝒓 ∙ 𝒏𝟐 = 𝒅𝟐, then

𝜽 = 𝐜𝐨𝐬−𝟏
𝒏𝟏 ∙ 𝒏𝟐

𝒏𝟏 𝒏𝟐



Summary
➢ The angle 𝝓 between the line 𝒓 = 𝒂 + 𝝀𝒒 and the plane 𝒓 ∙ 𝒏 = 𝒅 is

𝝓 = 𝐬𝐢𝐧−𝟏
𝒒 ∙ 𝒏

𝒒 𝒏

➢ The angle 𝜽 between the planes 𝑨𝟏𝒙 + 𝑩𝟏𝒚 + 𝑪𝟏𝒛 + 𝑫𝟏 = 𝟎 and
𝑨𝟐𝒙 + 𝑩𝟐𝒚 + 𝑪𝟐𝒛 + 𝑫𝟐 = 𝟎 is given by

𝐜𝐨𝐬 𝜽 =
𝑨𝟏𝑨𝟐 + 𝑩𝟏𝑩𝟐 + 𝑪𝟏𝑪𝟐

𝑨𝟏
𝟐 + 𝑩𝟏

𝟐 + 𝑪𝟏
𝟐 𝑨𝟐

𝟐 + 𝑩𝟐
𝟐 + 𝑪𝟐

𝟐

➢ The distance of a point whose position vector is 𝒂 from the plane 
𝒓 ∙ ෝ𝒏 = 𝒅 is 𝒅 − 𝒂 ∙ ෝ𝒏 .

➢ The distance from a point 𝒙𝟏, 𝒚𝟏, 𝒛𝟏  to the plane 𝑨𝒙 + 𝑩𝒚 + 𝑪𝒛 + 𝑫 = 𝟎 is

𝑨𝒙𝟏 + 𝑩𝒚𝟏 + 𝑪𝒛𝟏

𝑨𝟐 + 𝑩𝟐 + 𝑪𝟐
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