Convex Functions

Two Characterizations and Closure Properties
Theorems 22.2 and 22.3

Convex Optimization Problems
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Where we are going today

® \Warm-up: convex sets, and the epigraph of a function.
® Theorem 22.2: a purely algebraic test for convexity of f.

¢ Theorem 22.3: new convex functions from old ones (scaling and adding).

Convexity of a function = convexity of a set (its epigraph).
Everything today is that one sentence, unpacked.
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Prerequisite 1: Convex sets

Definition 1
A set S C R™ is convex if for all p,q € S and all « € (0,1),

ap+(l—a)q€eSs.

Not convex: some chord leaves the set.
Convex: every chord stays inside.

ap + (1 — «)q traces the segment from q (o = 0) to p (a = 1).
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Prerequisite 2: Graph, epigraph, and convex functions

Let Q C R” be convex and f : Q — R.
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Graph

{x",f(x)]" :x € Q} c R™*! epigraph of f

Epigraph in

epi(f) = {x", 8T :x€Q, BER, B> ’
F(x)} .
graph o

Definition (convex function)

f is convex <= epi(f) is a convex subset
of R*L,
A point [x", 3] " is in epi(f) exactly when the height (3 is at least f(x).



Theorem 22.2: the “chord above the graph” test

Theorem 2 (22.2)

Let Q C R" be convex. A function f : Q — R is convex if and only if for all x,y € Q
and all o € (0,1),

flax+ (1 —a)y) < af(x)+(1—a)f(y).
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Theorem 22.2: the “chord above the graph” test

Theorem 2 (22.2)
Let Q C R" be convex. A function f : Q — R is convex if and only if for all x,y € Q
and all o € (0,1),

flax+ (1 —a)y) < af(x)+(1—a)f(y).

Why care?
® Qur definition talks about a set in R"*!: awkward to check.
® This inequality involves only f evaluated at three points of Q: easy to check.

® Many textbooks take this inequality as the definition.
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Pick two points of the graph.
Join them by a chord.

Teal: f(ax+ (1 — a)y), height of
the graph.

Orange: af(x) + (1 — a)f(y),
height of the chord.



Reading the inequality geometrically (one variable, n = 1)

® Pick two points of the graph.
® Join them by a chord.
e Teal: f(ax+ (1 —a)y), height of

the graph.
| e Orange: af(x) + (1 — a)f(y),

‘ height of the chord.

I \

|
|
|
| |
X ax+(1—a)y Y
e Convex <= teal < orange,

always.
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Proof strategy

The statement is an “if and only if”, so there are two directions:
1. (<) Assume the inequality. Show epi(f) is a convex set.

2. (=) Assume epi(f) is a convex set. Derive the inequality.

Common thread

In both directions we use the same dictionary:

[x",a]" €epi(f) «= xeQand f(x) < a.
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Proof of 22.2, («<): Step 1, set up

Assume: f(ax+ (1 —a)y) < af(x) + (1 —a)f(y) for all x,y € Q, a € (0, 1).
Goal: epi(f) is convex.

So take two arbitrary points of the epigraph:

[’;] : m cepi(f), abeR.

By the dictionary, this says

We must show that the combined point lies in epi(f):

[ ra-wf]=[orem)
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Proof of 22.2, («<): Step 2, chain the inequalities

We know:  (H) f(ax+ (1 — a)y) < af(x) + (1 —a)f(y), (E) f(x) <a, f(y) <b.
(H) (E)
flax+ (1 —a)y) < af(x)+ (1 —a)f(y) < aa+(1—a)b.

® Second step: multiply f(x) < aby a >0and f(y) < bby1l—a >0, then add.
® Positivity of av and 1 — «v is essential (it preserves the direction of <).

flax+ (1 —a)y) <aa+(1—a)b.
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We must check the combined point meets both membership conditions:
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Proof of 22.2, («<): Step 3, conclude

We must check the combined point meets both membership conditions:
1. First part is in Q: Q is convex and x,y € Q, so ax+ (1 — a)y € Q.

2. Height is large enough: from Step 2, f(ax+ (1 — a)y) < aa+ (1 — a)b.

14z e

Since the two epigraph points and « were arbitrary, epi(f) is convex, hence f is a
convex function. 1)

Pause & think

Where did we use that Q is convex?



Proof of 22.2, (=): Step 1, choose good points

Assume: f is convex, i.e. epi(f) C R™1 is a convex set.
Goal: for all x,y € Q, a € (0,1): f(ax+ (1 —a)y) < af(x) + (1 — a)f(y).
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Proof of 22.2, (=): Step 1, choose good points

Assume: f is convex, i.e. epi(f) C R™1 is a convex set.
Goal: for all x,y € Q, a € (0,1): f(ax+ (1 —a)y) < af(x) + (1 — a)f(y).

Fix x,y € Q. Give the function values names:
f)=a  f(y)=b.

Then f(x) < a and f(y) < b trivially (equality!), so
X y :
[a] , {b} € epi(f).

Pause & think

Why choose a = f(x) and b = f(y) rather than larger numbers? (Hint: we want the
sharpest bound at the end.)

11
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Because epi(f) is a convex set, for every o € (0, 1) the combination stays inside:

X _ y|  |ax+(1—a)y )
a [a} +(1-a) [b] = [aa—i—(l—a)b € epi(f).
Apply the dictionary once more, reading it from left to right:

(point) € epi(f) = (height) > f(first part).
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Proof of 22.2, (=): Step 2, use convexity of epi(f)

Because epi(f) is a convex set, for every o € (0, 1) the combination stays inside:

X _ y|  |ax+(1—a)y )
a [a} +(1-a) [b] = [aa—i—(l—a)b € epi(f).
Apply the dictionary once more, reading it from left to right:

(point) € epi(f) = (height) > f(first part).

flax+ (1 —a)y) < aa+(1—a)b.
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Proof of 22.2, (=): Step 3, substitute back

Recall a = f(x) and b = f(y). Then

flax+ (1 —a)y) < aa+(1—a)b = af(x)+ (1 — &)f(y).
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Proof of 22.2, (=): Step 3, substitute back

Recall a = f(x) and b = f(y). Then
flax+ (1 —a)y) < aa+(1—a)b = af(x)+ (1 — &)f(y).

This is exactly the desired inequality. m_,

Summary of Theorem 22.2
epi(f) convex <= chord lies on or above the graph.

Same dictionary both ways. The (<) direction used f(x) < a; the (=) direction chose
a=f(x).
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Let f,fi,H : Q — R be convex functions on a convex set Q2. Then
(a) for every ¢ > 0, the function cf is convex;

(b) fi + £, is convex.
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Theorem 22.3: building new convex functions

Theorem 3 (22.3)

Let f,fi,H : Q — R be convex functions on a convex set Q2. Then
(a) for every ¢ > 0, the function cf is convex;

(b) fi + £, is convex.

Plan: no epigraphs needed. We use Theorem 22.2 as the working definition and just
manipulate inequalities.

Notation: the book writes a > 0 for the scalar; we use ¢ to avoid clashing with the height
a from before.
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Fixx,y €Q, a € (0,1), ¢ >0. Let f = cf.
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Fixx,y €Q, a € (0,1), ¢ >0. Let f = cf.
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< c(af(x) + (1 — a)f(y)) (f convex, and ¢ > 0)
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= a(cf(x)) + (1 — a)(cf(y)) (rearrange)

15



Proof of 22.3(a): scaling

Fixx,y €Q, a € (0,1), ¢ >0. Let f = cf.

flax+(1—a)y) = cf(ax+ (1 - a)y) (definition of f)
< c(af (x) + (1 — a)f(y)) (f convex, and ¢ > 0)
= a(cf(x)) + (1 — a)(cf(y)) (rearrange)
= af(x) + (1 — a)F(y).
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Proof of 22.3(a): scaling

Fixx,y €Q, a € (0,1), ¢ >0. Let f = cf.

fax+ (1 —a)y) = cf(ax+ (1 - a)y)
< c(af(x) + (1 — a)f(y))
cf (x)) + (1 — @) (cf(y))
() + (1 — ) (y).

o
of

By Theorem 22.2, f = cf is convex.

(definition of f)
(f convex, and ¢ > 0)

(rearrange)
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Proof of 22.3(a): scaling

Fixx,y €Q, a € (0,1), ¢ >0. Let f = cf.

flax+(1—a)y) = cf(ax+ (1 - a)y) (definition of f)
< c(af (x) + (1 — a)f(y)) (f convex, and ¢ > 0)
= a(cf(x)) + (1 — a)(cf(y)) (rearrange)
= af(x) + (1 — a)F(y).

By Theorem 22.2, f = cf is convex. |

Pause & think
Where exactly did ¢ > 0 matter? Try f(x) = x? and ¢ = —1: is —x? convex?
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Why ¢ > 0 is needed: a quick check

° Takex:—l,yzl,oz:%: the
chord is at height —1.

® But the graph at the midpoint is at
height 0 > —1.

® The chord is below the graph, so —x?

2 is not convex.

® Multiplying by a negative number flips
<.

16



Proof of 22.3(b): sums

Let =1 + f. Fixx,y € Qand a € (0,1).

f3(ax+ (1 — a)y) = fi(ax+ (1 — a)y) + L (ax+ (1 — a)y)
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f3(ax+ (1 — a)y) = fi(ax+ (1 — a)y) + L (ax+ (1 — a)y)

< (ahi(x) + (1 — a)i(y)) + (ah(x) + (1 — )A(y))
by convexity of f; and of £, (add two inequalities)

=a(A(x) + LX) + (1 —a)(Ay) + £(y))
= afy(x) + (1 — a)f(y).
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Proof of 22.3(b): sums

Let =1 + f. Fixx,y € Qand a € (0,1).

f3(ax+ (1 — a)y) = fi(ax+ (1 — a)y) + L (ax+ (1 — a)y)

< (ahi(x) + (1 — a)i(y)) + (ah(x) + (1 — )A(y))
by convexity of f; and of £, (add two inequalities)

= a(fi(x) + Hx) + (1 = a) () + ()
= afy(x) + (1 — a)h(y).

By Theorem 22.2, f; = f; + £, is convex. |

17
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Consequences and a definition
Corollary (nonnegative combinations)

If f1,...,f; are convex and c¢1,...,¢c, > 0, then ¢1fi + -+ + ¢;fp is convex.

(Apply 22.3(a) to each term, then 22.3(b) repeatedly.)

Also true (Exercise 22.6)

max{fy,...,f} is convex, by the same style of proof.

Definition 4 (22.4: strict convexity)

f:Q — R is strictly convex if for all x #y in Q and « € (0,1),
flax+ (1 —a)y) < af(x)+ (1 — a)f(y).

Strict convexity forbids the chord from touching the graph between x and y.



Take-home summary

1. Definition: f is convex <= epi(f) is a convex set.
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1. Definition: f is convex <= epi(f) is a convex set.
2. Thm 22.2: fis convex <= f(ax+ (1 —a)y) < af(x)+ (1 —a)f(y).
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Take-home summary

1. Definition: f is convex <= epi(f) is a convex set.
2. Thm 22.2: fis convex <= f(ax+ (1 —a)y) < af(x)+ (1 —a)f(y).
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4. Technique: to prove convexity, pick x,y, «, then manipulate inequalities until you
reach the chord inequality.
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2. Thm 22.2: fis convex <= f(ax+ (1 —a)y) < af(x)+ (1 —a)f(y).
3. Thm 22.3: nonnegative multiples and sums of convex functions are convex.

4. Technique: to prove convexity, pick x,y, «, then manipulate inequalities until you
reach the chord inequality.

e Show f(x) = |x| is convex. (Use the triangle inequality.)
® Show max{f, 2} is convex.

® Show that a strictly convex function cannot be constant on any segment.



